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R iz

1.1 BRBEEAHE

1.1.1 $FESOE
B¢ ] B R A 70 7 R0 o R AR U7 1%
ug+b-Vu=0 in R" x (0, +00),
Horr b /2 R™ W [a) &P ) )
HARERBRE w RTTIERIAR? — D EERMER, o IWRENFE T M5 R EBOE. BE A
(z0,t0) € R™ x (0, +00),

z(s) :=u(zo + sb,t+s) seR.

A2

%z(s) =Vu(r +sb,t+s) - b+u(x+sbt+s)=0
MR s TEMGL. W2, MEE A (o,6), RATETT (b,1) B, o &L —DEHERE
PR BATRERE— 2% 5 (0, 1) “TATIVELR LMY w FEXE AR IR, SRATALRNIE T EAE R x (0,400) L
B RUALHIMA.

1.1.2  #MEEE
N T IR, LEIRATE A R
ur+b-Du=0 inR" x (0,400) (1.1a)
u=g on R" x {t =0}. (1.1b)
HbbeR" fil g: R* —» R 2K, RBZWAHE u BZRTIBHESE— 8 (x,t), LL(b,1)
WL (2,6) MEATUBEBEN (2 + sbt+s)s € R 2 5 — —t I, KAEHLSFH
[:=R"x {t =0} #H58, ZrA (x —tb,0). BN u fEIXFL FNFEIH u(x — b, 0) = g(z — tb),
AT
u(z,t) =g(x —th) xe€R"t>0.

LA lb)| IREPIALHETT I, |b] TP TR L.
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Chapter 2
KENFITE

2.1 KEADURLDN. KAIETE
M5 T A o 2 1R3G5 25 A A,

AR P25 SR A FEARAS T e 5 R0 1 S R R AE R I T Py L34 S 1) — B ik i

ZNTEUL, AT T AFRIRE M AT LS AN T, AT A4 5 fiff ] U3 45 0 TR A4 ) L

Uy — Uy = f(2,1)
u(z,0) = p(z)
Ut(mvo) = ¢($)

(2.1a)

(2.1b)

(2.1c)

MBI R, TR LR E il — A~ B B RS AR AN — AN SR8 4R 3l F B 9 % 4B

e R 2
O?u — a?d?u =0
u(z,0) = ¢(z)
Oyu(z,0) = ()
?u — a?d?u = f(x,t)
u(z,0) =0
Ou(z,0)=0

2.1.1 £EZ% WBERIRSSIABIUVRAR

5 2.1.1. A AEHET R
§ =+ /\ly»

n=1z+ Ay

¥ A2 52 52 o2
u u u
Agu 2By o+ 0G5 =0
TAT @R
0%

oEon

9
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. ot ot ) )
n N
— =1 = =1,—=A
Ox " Oy Yoxr Ty 2
@_@%_F@uan 8u+8u
oxr 060x Onoxr O¢
L9 _9. 9
oxr  O¢
Ou Oud§ Oudn | Ou ou
ay ~ocay ooy~ Mae T oy
0 0 0
= 87; _)\1875—’_)\28777
Fr LA
Pu_ Py, P
ox2 062 TOLom
0%u 0%*u 2u 0%*u
— =)\ A A A
aroy ~ Moez TNt Rlgag T hga
0%*u 0%*u 0%*u 0%*u
*)\2— 21 A )\2—
o7~ Mogr TN Mg, T 20
AWNE
0% L % 0% ,
852(A+2>\ VB HNO) + e 2(A+ (0 +0) B4 ML) + 5 S (A4 209B + NC) =
BRAZ
0*u B
acan
R4

A4+20B+AXC=0,A+2X\B+ \C =

O
HARBIFATOREDL, XTIl F M A ks, BATAT e s g on
u(x,t) = F(x — at) + G(z + at) (2.4)

Hrp F A G RAEE A RO 52 5 bR AL

BT BRI AT B Aaa 2605 (2.1b) F1(2.1c) i, &
JEAFRIE R DR 22 30

o(x —at) + p(x+at) 1 [T
u(z, t) = 5 + 5

b(s)ds (2.5)

r—at

AR, AF—ROA, TN RAXRABRE ¢ <0 HEHF I,
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2.1.2 EREABEHF ELTARMAEF B BRs)E)

5 2.1.2.
#u—a?dPu=0 0<z<+400,t>0 (2.6a)
u(z,0) = p(x) (2.6b)
Opu(x,0) = ¢(x) (2.6¢)
u(0,t) =0 (2.6d)

fig. HSCWe, ANEEAER, EHERU, XA TRERAZE A MR, B CAULIR AP0 1 B RS
W= MEE WK 7 EIRR . SR EER UL, FRATH A HRE R B — M w(0,t) = 0 X
AR E Bt 2. P ERTESR U S . “WTEAE 2 > 0 ECOEMPIREER SN BN E L
—00 <z < oo LRREL, (E1FHEH S RBAEYIE R R, HARE « =0 REAFR” .

EFRACE LT T, IAFRAT AN LB DUR A RS HAF, IX AR R IRH T 18 ¥ 1) 77
3 FATUIXAE 2230 2 B A %A, ERREAS 2 FRATT SOz A 40 i PR ).

W o(z) T (x), EFRIERIREAICA o(x) A (z). HIERAVURAI, L o(z) M o(x) 1E
A AR 7 I 258 PR A

Ulast) = 3 ol +a) +ole —an] + - [ wie)ae

BAE U(0,t) =0 THML, AR 247 2

at
3 (plat) + wl=an) + 5 [ w(epe=0
Rk, RENE o(z) F(z) 1EAFRESRRI AT O

B ERLFAXR LB RE LA RN DALF? RRE, L RAEAT — A1 2E 3648 7T LA 2
T? AR IE, RIZa TR RR 6.

5] 2.1.3. £t

Usp — @2 Upy = 0 x>0,t>0 (2.7a)
u(z,0) = p(x) (2.7b)
u(z,0) =0 (2.7¢)
(uy — kuy)(0,8) =0 (2.7d)
Hob kR IEF S
. X op(x) MERE, 2 p(z) EHERRECH O().
Hi D’Alember A3,
Uy —a’Uy =0 2R, t>0 (2.8a)
U(x,0) = §(x) (2.8b)
Uy(,0) =0 (2.8¢)

Uz, t) = % (®(z + at) + B(x — at)]
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BATERIE @, H15
(U, — kU, (0,8) =0

Ry
(ka+1)P'(—at) = (k‘a —1)® (at),t >0

ka —
ka+1
1—ka
P(z) = ka+1

1—ka 2ka
b =
ra 1P+ C= =y

P (x) = 43’( x),x <0

O(—x)+C

®(0) =
FITA

[p(z + at) + oz — at)] x> at

1—ka (at — 2) + 2ka
ka—&-l@

N N —

U(z,t) = {

2.1.3 SPRILIRIRRRIBIRENEMEAZTRVECE
5 SR IE AR BN T 1) 7]

{gp(a: +at) +

Uy — Uy = f(2,1) (2.9a)
u(z,0) =0 (2.9b)
uy(z,0) =0 (2.9¢)

W1 2 IREN TR RE W R, BRI f (2, t) BRI Z) ¢ WHAENE o AR T2 A,
M wy RINIESE.

B [0,1] (t appears here! FSE 5y to T AT/ BL At; =t —t;, (E5F
AN B Aty f(@,t) ATRAVEIES ¢ 5K, AIMEL f(z,t;) RFR. ERE At; H B BB
LR f (2, t) Aty ERNEERRREERANZ] ¢ = ¢; FOPIHEZ, B4R
FR BT LAHT N IR 5RO R AR T IR U0 2 14 RO AR ] R ik

Wy — a*W,, =0 t >t (2.10a)
W (z,t;) = 0 (2.10b)
Wt(xatj) = f(x7tj)Atj (21OC)

HARACA W (z, b5ty Aty). FEMEIL, E BT f(x, ) B4R SRER T LA B3 CEAN X R
TER PP AL RCR B BN, SXFE, 52 MR 1A BRI (e, t) BTN AR

= lim ZW x,t;t;, At;) (2.11)

At —0

AR, @A EEARARRRBY B, BLRRAELLA —REHIEARERAG ML ZT AT
LB AMNETRIZE T HENE u(r,t) WEIFEAZX, £EELTE u(z,t) BEANAXE [0,7] L69#
HEREXX, MASEMBA u(w,t) ERFEGTZ] ¢ BFAET, EIA ¢ A KA BT & to ZIFIRA
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t.RRAAT: KA, KN RAXZRBRAE ¢ <0 BFE9FG, HBAMNLOGHEF, 2
RAB| A t;, AAH AR TR W (x, t;t;, At;) 3BiR#ER, REt <t; 0, Wz, t;t;, At;)
AL RIFAER G, o5 (2.11) AT [0,¢] Az, AT . mBEAAEANRAXTT £ <0
RAE X, PR At ML A AT AR 40 E A0, KRG [0, 1] AA 2 XIPLTRART A,
12X AP 7 XA B 09 Ao B FOHF R A BN B EE u(z,t), RA—ELANEDEET. 2ARELPEER
X B EHERE, BXEFHTEEE o Ry 6 FE XM IEL RRIFWE——t TALE IAE T AR
G P, THALETRY LR L, X EE%RERH t; <t &) W, t;t;, At;) T AR KIEEA.

BT (2.10) MRS, Bibh W 5 At; BIEH, R0 W (e, t;7) AR5 R I 5 R )

Wy —a*Wye =0 t>7 (2.12a)
W(z,7)=0 (2.12Db)
Wi(z,7) = f(z,7) (2.12¢)

ff,
Wz, t;t;, At;) = At; W (0, t;t5)

T2 S R 10 RL(2.9) IR AT RO N

u(z,t) = hm ZW:vtt JAt; —/ Wz, t;7)dr (2.13)

XfhE—A 7, REH W(z,t,7) WRAEKIAX, EYME R (2.12) TEAERHR ¢ =t — 7. AR,
(2.12)1k K

Wt’t/ — G/2WII =0 tl >0 (2143)
W(z,0) =0 (2.14b)
Wt/ = f(x, 7_) (2.14C)

R, TRAMMEMIURA, stEHmA

z+at’ zta(t—r)
Wietir) = o [ flemds=on [ penas (2.15)

—at’ 2a —a(t—7)

FRARN(2.13) 43 21 e 2% 2 (WA AHL In) 8L (2.9) Il R

z+a(t— 7—)
t) 7)déd 2.1
:E 2& / [ a(t—r) € ! ( 6)

5l 2.1.4. XA FALRIES B P @IEFTRE I TAL
Uy — 0% (U + Uyy) = f(2,9,1)
TE Tk s S

u(x,y,0) =0 (2.17a)
{ut(x, y,0)=0 (2.17b)

T RAAK.



CHAPTER 2. K& 742
R SEAERAESE N EW TR AL i
# W (2, t7) N
Wi = a*>(Waa + Wyy)
W(z,y,7;7) =0
Wiz, y, 757) = f(2,y,7)

PIfEE, W u(z,y,t) —/ W(x,y,t;7)dr BIN
0

Ut = a2(u:cx + uyy) + f(xv Y, t)
u(z,y,0) =0
uy(z,y,0) =0

(AR, BRI
0
1. u(z,y,0) —/ W(z,t,t;7)dr =0
0
t t
2. ut(‘r7y7t) :W($,y,t;t)+/ Wt(xay)t;T)dT:/ Wt(Iayat;T)dT
0

+(z,9,0 /Wtﬂcy,tT =0

3' Utt(%y’t) = Wt(xvy)tvt) +/ th(myyut;’]—)d’r
0
R Wi(z,y,t1) = f(z,y,t)

t t
/ Wydr = / a2(Wm + Wy, )dr = a2(“m + Uyy)
0 0

FEURAL R FEASAE !
T (2.74), HEEREEE, BRAITE
a(t—T) 27
W,y t:7) = / flx+rcosf,y+ rsind) dodr
2ra (a(t —7)%) —r?
JEE alt— 2
(et / / flx+rcosf,y+ rsind) dodr
~ 27a a?(t —7)% —r?

2.1.4 SEEEIREGIRR

5 2.1.5. KA#B ) 75 A2 b9 #1817 AL
Upp — Uge = tSINT
u(z,0) =0

ut(z,0) =sinz

14

(2.18a)
(2.18b)
(2.18¢)

(2.19a)
(2.19b)
(2.19¢)

(2.20)

(2.21)

(2.22a)
(2.22b)
(2.22¢)
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R A B0 R, U AHE IR AURT LA TSR ) AL
Vit — Uy = 0
IS v(z,0) =0
vg(x,0) = sinz
Wyt — Wy = tsine
I1¢ w(z,0) =0
wi(x,0) =0
i HA

uUu=v+w

B D’Alembert AT, I WIfEN

1 x+t
vz, t) = 2/ sin&d¢ = sinxsint

—t

NI TT, FATFIAH Duhamel JHH,
t
w(:c,t)—/ Wz, t;7)dr
0

o W, t; ) BFIME iA) &
th - Wa::r =0
W(x,7) =0

Wi(x,7) = Tsinx

(R, EZIE R R ¢ =¢ — 7, H D’Alember A:UA 15

1 z+(t—7) .
Wiz, t;7) == / Tsinéd§ = 3 (cos(x —t+7) —cos(x +t—1))

2 Jor(t-7)

BT

t
w(z,t) = / W (z,t;7)dT = tsinz — sinxsint
0

SR AT I i

u(x,t) = tsinz.

15

(2.25a)
(2.25b)
(2.25¢)
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2.2 YhaERBHSETE]

5 B8 5 — A AH )

FAURETTHE(2.260) 1 & &

RNTTFE(2.262) 15 2]

R

Tz, ElOUR ¢ R, AR o B AP
HoAmrRe, WHEBOY -, HAERE,

il

Uy — AUz =0 0< 2 <,t>0
u(z,0) = ()

u(z,0) =YP(zr) 0<z<l
u(0,t) =0

u(l,t) =0 t>0

I B NI MU

u(z,t) = X(x)T(t),

X (@)T"(t) — a>X"(2)T(t) = 0

T//(t) _ X//(‘,E)
a?T(t) X(z)

T"(t) 4+ Xa*T(t) = 0

X"(x)+ AX(z) =0.

H5EH5E(2.29), W LAHE RE IS AHR 2 E MPIME

w(0,4) =0 = X(0)T(t) = 0,Vt > 0 = X(0) =

u(l,t)=0=X{)T(t) =0,Vt >0= X(I) =

H

X"(z) + AX(z) = 0
X(0)=0
X(1)=0

B0, (2.30) RA T U

B> 00, filE

H X(0) =033 C; =0.

X (z) = Cy cos V Az + Oy sin V Az

B X (1) = 0 133] Cysin VAL = 0, BAEGFHE LR, whbsi

VN =kt =\, = (l),kzl,g,...

16

B A, ST R
XFERRATAAT 2] T A E L TR

(2.28)

(2.29)

(2.30a)
(2.30b)
(2.30¢)
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KRR B R R
Xp(x) = sin — b z,k=1,2,- (2.31)

l
K AE A AAN(2.28), 135
2
T"(t) + () T(t) = 0. (2.32)
JIBfEN
Ty (t) = A cos akTﬂ-t + By, sin ?t, (2.33)

Horr Ay, By REFFHIGE HF AL
XRE, B E] T TR A T UGL IR SR AE R B2 B AR R R R AR

Uﬂxj)leAﬂTMﬂ::(Akaﬁaéﬁt+lisﬁﬁfmé>ﬁniﬂ@k::Lan

T, A t=0, WRIIFWENIBAERTRBLXT ¢t =0 2 OB L4,

PG HR

u(z,t) = Z <A;€ cos akTﬂ-t + By, sin aklﬂt) sin kTﬂx (2.34)
k=1

FiL. ERHNLES BN XNMRENERHERLES B X69F.
SRR LERATE BAs—F, BIECRER w(e,t) 75202 %0

Uy — Uy =0 0<z < t>0
u(z,0) = ¢(z)

ur(z,0) =¢(z) 0<z<l
u(0,t) =0

u(l,t) =0 t>0

B uy — aPug, = 0,0 < o < 1,t > 0. HEIEINZ RTINS 85 5 S 2 e R, H2
BEIRIA—E T . BRI AR, BABERE LT o Mt FREZBTUR KIS, Xk
(115 7 B PRAE B AT R IXFE R 24, I RARIEE A AR, BEIR TR S — N & —3
WS, TRER R — BRI S Ay, By WIRBCE R, 1 Ay, By FIERERYE o(z),¢v(x) B
x.

FEIR. X4 T RMNF D $H—Bolcs it A=i2 0 K F 495 L.

FHE IR Ay 5 By DL RIS (2.26b) F1(2.26¢)

u(z,0) = ZAk sin kTF:U = ()

AT EARUEIZAFHR S, IATE Ay 1 By, RW%E, WAt T EIRATHIVUE R 25
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FoeCypec? H

» WP fRAEALE l
2 k
Ay = l/o () sin( 7Tac)dx
9
By, = Py U ()
H(2.34) 4 1.
2.2.1 Sturm-Liouville 121& 2]
5 I )
y'(x)+ A+ q@)y(z) =0 0<z<1 (2.35a)
y(0)cosa —y'(0)sinaw =0 (2.35b)
y(1)cos B —y/(1)sinff =0 (2.35¢)

Fig. MR B AMZATH#ROA q(r) =0, =0,8=0 897 F L

HATAE No FEARAIME I (2.35) FAEFM y = o(x), WIFK Ao NZITREMRFEAL, FX o NNJE
THRFAEAE Ao HURFAL PR AL

g, BAERA — AT A AL B AFAE L F 8 — AR89 2 L.
2 (8 1 (2.35a) A1(2.35b) 15 EI| I A ] 3t

y'(x) + A+ q(x)y(z) =0 0<az<l (2.36a)
y(0) =sin« (2.36b)
y'(0) = cosa (2.36¢)

FEIE. &K (2.36a)4=(2.36b) AR A it R ATME £ #(2.35b) 69 — 4L AF#E A2 & E & 2| AR A AR 7T 1A H (2.36) 9
E—AFRAFE], BN EA LK —ME.

WA )8 (2.36) — EAFAERE p(x, N). DAEZE R EE, HHARER) X BEAERS v = oz, \) i&
T A2 (2.35¢)

©(1,A\)cos f—¢'(1,\)sin3 =0 (2.37)
TER A AR TT, &

{(p(:c, A) = p(x, \)sin(0(x, \)) (2.38a)

o' (x,N) = p(z, X) cos(6(z, N)) (2.38b)

i
{pw) — I, N + [ (2, )P (2.392)
= arctan Pl N)
O(x, \) = arct IERY (2.39b)
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0 = cos®0 + (A + q(z))sin* @

©(1,A)cos 8 —¢'(1,\)sin 3 =0
O(1,\) =B+ knm

0(0,\) = a+jm

SI3B 2.2.1. MAEEH k=0,1,---,
0(1,\) =B +km

HERH =AM N, BB k- oo, A\ = o0
D<A <A< <A< r =00
5138 2.2.2. & FHE—AHIEE N, (2.35)8 LA — AR A GRS
IEW. ARBE o(z) Al (x) #BR N, RIFFEREL, T
¢(0) cosa — ¢ (0) sina = 0
(0) cos o — 1/ (0) sin v = 0

B cosa M sina BHRORFIRE, AIETM, HEHRPATHIANE, HEZ Wronsky 175I307E 0 4
MIHE A, BETLPER K. O

513 2.2.3. HAEHHKFE {p,(2))n=0,1---} EXIA [0,1] EAKR—ANMEXZF, B

1 6k>0 n==k
t/wM@m@Mx—{
0 0 n#k

©n Pk

/

“L
Pn Pk

. B n£0R, & f(z) =

S F= oM~ o — (A~ ) = O — M)n (@)n(2)

M0 B 1 B, 1
ﬂn—fmwz@n—M{/dx
0

?jﬁﬁﬁﬂﬁﬁiﬂ/l\glIEEPE"JEE%I?‘JHIEEHIE f(0)=f(1)=0
K A £ A TEL / on(2) () (2)dz = 0 0
0

FIE 2.2.1. 2RBFELH {opk=0,1,---} # L2([0,1]) PHZEERF.
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Ofu—a*Pu=0,0<z <l

h
—x O<z<L

u(z,0) =4 ¢y,

I 2.2.1. " (=
i l—L(l z) L<z<l
Oyu(z,0) =0

u(0,t) = 0,u(l,t) = 0,¥t > 0

T'#)X(z) — a®Tt) X" (2) =0 =

Ou—a’u=0 0<x<lt>0
—Oyu+apu=0 x=0,t>0

il 2.2.2. < 9, u+au=0 rz=10t>0
u(z,0) = ¢(z)

Oyu(z,0) = ¢(x)

IR AR, FEARAE. Y

X"(z)+AX(z) =0
—X'(0) +apX(0) =0, X"(I) + 4 X (1) =0

(2.40)

H SL HE, fHfE—FIERAEA.

/%\

X(z) = Ccos(\/xx) + Dsin(\/X@
X'(z) = —CVAsin(VAz) + DV cos(VAz)
H oz =0 M EFxM, &

—DVA+aC =0
:CZQD
ao

H o =1 BRIAERSE, 5
—CVAsin VAL + DV X cos VAL 4 a;(C cos VAL 4+ Dsin V) = 0
= (\f)\+al\:§)cosxf)\l + (a; — C:\O)Sinﬁl -0
o 5 cosVA =0, N \Alzkﬂr—l—%

km+ Z o PO
T 22, AR FLA b AR A AR P AT

o ajag =\ = (
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o 1 cos BRrid %,
tan(VAl) = M

A — agqy

e MRT NI, B SL #ig, AIEE —EHLH LM 2%

() o)

Jl
) = C,, cos(v/ Anz) + D, sin(y/ M)
WAKE C, = 2D, I HIEH LN D,
0
Xn(z) = \{zx cos(v/Anz) + sin(y/Anz)
0
T"(t) + a®\,T(t) =0
T(t) = A, cos(ar/Ant) + By sin(ay/Ant)
M u(z,t) = Z (A, cos(ar/Ant) + By sin(an/Ant)) X (z) #AYHEZM u(z,0) =

n=1

ZAan(m) = ‘P(x)
n=0
HT X,,n <& L*[0,L) FE&MIERSE, )
l l
A X 2dg = X,.(x)d
k/o| o(2)Pda /090(96) o(2)dz

H ou(z,0) = ¢(x) N
ZBna\/EXn(m) =

1 fo x)dz
" a\ﬁ fo |X |2dx

MR IR N
t) = A, cos(ay/Ant) + By sin(a/Mnt) X, (x)
n=0

Fig. &AMy BT AR E (0,0) 20, BA R LR E4gi#
5 2.2.3.

Pu—a*du=f

u(z,0) = ¢(z)

Opu(z,0) = ¥(x)

uw(0,t) = u(l,t) =0

21

TR Ay WA

2.41a
2.41b
2.41c

—~ T
N~ T

2.41d

—~
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*E fF=08HFR,
Xi(z) = sin kTﬂx,k =12,

® ou, f,p, ) 2EXANKEF

ZTk sm xk’—12

ka 5111 =12,

Z(pksm o €ERE=1,2,--

Zwksm —z, Y, e RE=1,2,--

T A2(2.42) F2(2.43) i NB| 742 (2.41a), 133

o

3 (T,g'(t) (kf) Ty (t )sm = ka sin 793

k=1

B 32 VT 4%

k=1 k=1
wa g A RARE, K72
k
T{(t) + * ()PT(t) = fult)
T:,(0) = o,
T3.(0) = v

¢
u(z,t) = Z [(pk cos <ak’l7rt> + %%« sin <al;77t> + % ; sin ((1/;?7T(t - T)) fk(’l')d’l':| sin <kl7rx>

2.2.2 FEFXRFRE, EFx

5 2.2.4.

O?u — a?dPu=f
u(z,0) = ¢(x)
Oyu(z,0) = ()
u(0,t) = pa (t)
u(l,t) = pa(t)

22

(2.42

(2.43

(2.44

(2.45

(2.46

(2.47

(2.48

)

)

)

)

)

)

)
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AL R AR S BB, AR R LA [a,b] L9HH f 3%

iR — A 89
ORU — 02U = f(w,t) = | + T (1 — )| = Flat)

Ul@,0) = p(@) = (11(0) + T (12(0) = pu (0))

8

O, (x,0) = va) = (14(0) + T (5(0) = 11,(0)))
U(0,t) =0
U(l,t)=0

2.2.3 SETEAGIE

il 2.2.5 (P24,1-3-1(2)). Mo HE & E KM

Uy —GPUgy =0 0< <]
u(0,t) =0

ug(l,£) =0

u(z,0) = 2o

ug(x,0) =0
TE. AR R rp T RE AT LA AR

u(z,t) = X(x)T(t)

¥ EARNE T, 2
X(2)T"(t) — a®* X" (x)T(t) = 0
')  X'"(z)
a?T(t) X(z)
HI AT X (0) = X/(1) = 0. PHETT AR AEH A >0, T

=-A

X () = Cy cos V Az 4 Cysin vV Az
H X(0)=0%1C, =0, HH X'(I)=0 4%
ﬁl:lerg,keZ

it AR

2%k +1\°
)\k:< J > 2 k=0,1,2---

¥ N RNKT ¢ IHFE T (t) + \e@®T'(t) = 0, AT HGEM A

2k +1 2k +1
Ti(t) = Ay cos i wat + By sin i wat,k =0,1,2,---

21 21

NHEBATRE Ay, B WM

mat + By sin

k=0

i 4 +1 2k +1 . 2%k +1
kCOS a 2l ™a Sin 2l T

23

ESE AT AR 0 8

(2.51a)
(2.51b)

(2.51c)
(2.51d)
(2.51e)

xT
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W TR MBS SR, N
{ bp =300y Apsin 2wy

_ oo 2k+1 2k+1
0=> 4 S5 maBysin 5 =mx

Kl 2 (th 2k +1 8h
A = l/o Tx sin wadx = W(_l)k
B,=0,k=0,1,2,---
JiTEA o0
*ZZ 2k:+f ZkzlelmtSin 2k2lelm

5l 2.2.6 (P24,1-3-5). A% & L& &HKT @A 6t

Uy — Uy, = bsinh
u(0,t) =0

u(l, t) =

u(x,0) =0

ug(z,0) =0

i .
= [t k k
u(z,t) = Z/ By, (1) sin %a(t — 7)d7 sin TWI
= Jo

/\q:l
o ok (—1)*  2blsinhl
By(r) = lm/o bsinh & sin de§ k2t 42 a
T A
t
k
/ By (7) sin %a(t_T)dT
0
(=1)F+1 2blsinhi [* | kwa
TR E o ) B
(—1)*+1 2blsinh [ 1 — cos @t
k27r2 + 12 a 27ra !
212 sinhl  (—1)F+! ) Imat
_ — Ccos —
@r k(R + ) !
[

k2m2 + 2 l

a?m

2b2 sinh 1)k
u(z,t) = bl sin lzk( ) )<1—cosklt> smk—ﬂ-m

24

(2.53a)
(2.53b)
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il 2.2.7 (P24,1-3-6). A% &L Z &K T @ = AL fE

Ut + 20Uy = AUy,
u(0,£) =0

u(l,t) =0

u(z,0) = 2z

ug(x,0) =0

. &
u(z,t) = X(x)T(t)
RNTTHE S D E %A, 15
T"+abT" X" _
2T X
X0)=X({1)=0
TAAE 7]
X"(x)+AX(x) =0
X0)=X(1)=0

2
A A, = (’“f) k=12, LA R B

Xy(z) = sin kT”xk 1,2,
W M RNSET ¢ IR T (t) + 20T (t) + Xa*T(t) =0 1, 1§
T (1) + 26T (1) + (’“lm) () =0
T R MESF IR B ODE [RHE 22

9 kra\’
A +200+—— ) =0

25

(2.56a)
(2.56b)
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2.3 SYEKENFIERYAT T E)R

uy — a?Au = f(z,t)
u(z,0) = p(z)
uy(,0) = ()

2.3.1 SFxFE, dim=3, FkEHE

g — a?Au =0
u(z,0) = o(z)
ut(xa O) = 1/J(x)
BRABARR TG, (2.582) K
2 2092 2 1
Oyu—a*(O;u+ —0u+ —Agzu) =0
r r

PIAFERE S ERGr, A

1
82udw —a < 0?udw + Orudw + — Aszudw> =0
§2 T §2
M
Ageudw =0
S2
FLA(2.60) 2 My
2 2
O?udw —a® [ 0 udw + = Orudw =0
S2 S2 T 52
4
~ 1 r=ry 1 1
a(r,t) = yrel) u(z,t)dS(z) =—= e . u(ry, t)dS(y) = e (rw,t)dw

RN(2.62), 1537 ,
&a-&&a+%iaa:0
e i), HERRANERASH, EOVERIMA S

02u — a?d2u =0

N N 2a% .. N
7R, PR A B A HIE =0, 0 kil

é\

UES]

021 = r70%v

26

(2.57a)
(2.57b)
(2.57¢)

(2.58a)
(2.58b)
(2.58¢)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
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Ot = 0,.(rv) = or” v+ 1r°0v
02 = Op(or” 'v + 170,)

=o(oc—Dr"2v+or’ 10w+ or’ 0w + 170
RNTTFE(2.64), BT,
r707v —a® [o(o + 1)r" v+ 2(c + 1)r" '9,v + r07v] =
MERNES o= -1, Wl v=ra, AENEZE B 00 0, 135
02v —a*dPv=0,r >0

X S HAE S I

a(—r) = a(r)
p(—r) = &(r)
d(=r) = P(r)

AR TR BEL LB
02v — a?0?v =0
v(r,0) = re(r)
Ay (r,0) = ri(r)

HHIE B DR AR,
1 ~ ~ r4at ~
v(r,t) = 5 ((r—at)p(r —at) + (r + at)p(r + at)) + % /T_at s(s)ds
LN RBA R B 7]

r4+at

0) = 5 (= at)(r — at) + (4 a4 an) + o [ sis)ds

r r—at

B RAEM a(r,t) 193] u(e,t). — MR, 12 L RIAE ).
[B4Z, a(r, t) FI5E X
. 1
u(r,t) = / u(rw, t)dw
SQ

™
BATEREE 0(0,t) = u(0,1).

27

(2.65)

(2.66)

(2.67a)
(2.67b)
(2.67¢)

(2.68)

(2.69)

BLEGTSE 0(0,1), BARINISE) 7 Bl ARk (2.69), HEAEER » f£08 L, (F5EARR

bl 52 A
e

(0,t) = O.(ra(r,t))

r=0

[p(—at) — at@'(—at) + p(at) + atP' (at)] + 271(1 [at(at) + at(—at)]

N —

= @(at) + at@' (at) + t(at)

1
— | ¢(atw)dw + td

t
- tw)dw + — tw)d
ir Js Tt Jg Pletwdwt o | vlat)de

™ Jg2



CHAPTER 2. #3742 28

= % <41; /32 go(atw)dw) + ﬁ . Y(atw)dw
FETRBATH S, AEE— 5 u(zo, t) BME, EBWT LU ) — N 2 = 4E55 3 7 BB A
ANFJR) € HY £(0,¢).

d t t
u(zo,t) = £(0,t) = T (477 /52 o(zo + a,tw)dw) + e Y(xo + atw)dw

d [/ 1 1
=S (— do )+ — d
det (47‘(’(12t /(‘BB(a:o,at) SO(U) U) - dmat /(93(a:0,at) w(g) 7
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N T ARBMB AT R A A R B R A 1A A3, RVER — S R fl 1
tenie, %)E )

/ fx)dz

0

ﬁ*f%*4$§%@§. .
A tr =1y, mﬂxzzy,dx:¥dy

[ saar=1 [ sy

IRV R B R T d JRHEFABDN AR PRI R, A — DR AR g(2) = f(t),
BB EARRESE f(y), HIAEREAHAT PR R BOR A T L.

ERER, RS, [ ARSENDREGR A RAESCER, BREEUESE T
[ tx FBAEREARE, B HN y FIEERE, REALRENMAME, f K% i
IFl.

T AR X T SR R, A ATy R IXIE 0 B ¢ I, RS —
AR 2 RS XA 0 ) 1R, f HSCHNE D T E SR BUETER 0 2 ¢.

WEREIE ¢ JAFBIEE 1A O R0 MR R AR, Rl RPN, AREARATE, KA
FHGRE, WA A=K ER, A5 f € XAEE Rl SERARRE LS, S 535
Bt fAERALERTE LRI, MRy r B LTI, 25 HHERREE f AN e 1
PR M, (EEBER AR, XA REIRN, RGBS, S50 f IUE
AR BOX B “S 5807, £ BN R RO ROR B S — R AR 2y, BT f 2R
iR oA A T L R T R R, A TR T AR ) R A A T A P T L% s Ak ) TR PSR A
MAEAS ARG, A5 ARG —— X R AR, L R AL (T2 AT AR R Y, X2 3
B “Z58507 1 f BEEA KA. WA A RAERF 7T RN MR, &
%ﬁﬁ%%%%%ﬁ,ﬂ%ﬁ%ﬁﬁ%%ﬁ%,%KTEF%%%ﬁ,Kﬁﬁﬁﬁ%ﬁﬁ@$,E
E%M%,ﬁﬂﬁ%%&iﬁ%ﬂ%ﬁﬁ%ﬁ%i*&ﬁﬁ;,ﬁﬁ%ﬁ%ﬁﬁ%ﬁﬁﬁ@%%*
ARSI R E T B DL, RATTRIE NIZIR I A H ) Jacobi /T8I, MAERE AL Jacobi 47
HIFGE AT LA . ERATR B OLH, BUOAR —Mgaaes, FreVeE—EIS0, JrBAFE AL
TRAS LA SR BORAR IR T T BRALARHTT, AN A AR BB L R B AR 72 sin 6.

PSS — TR f IR RE R X AL 1, (HARER f SRAVAN AR PEAE 1, A
AR > bt R AT E R S EER R AR, AR B2 (SO0 TP I A AR R B AR HE R
1, BRI AN I Ay 1 AR B B S el A A A3 o L R .

Pt AU AR S A e/ F (% RN B AR O B 22 [, e A2 (E) ) — A2 ffke, AN R %
iR I, ARy XSO A .

R, REERZRAH A2 P ARE.
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2.3.2 STRAIE, dim=2, 4L
BAEFRATTHIF 7 - 435k B0 A ] 17 i) @

Uy = 0% (Ugg + Uyy) (2.70a)
u(z,y,0) = p(z,y) (2.70D)
Ut(SL’,y,O) = ¢(I7y) (2.70C>

FATRIA Y _E 5% - =i s 7 R 74 [ SR A 45 SRR gt e — 24830 8 7 R AT 18 i) AL
IR =L IR

Uy = (12(’119595 + ﬁyy + 7:Lzz) (271&)
i(z,y,2,0) = ¢(z,y) (2.71D)
at(Iay7270> = 1/1(17,y) (271C>

IR VG R I (e, y, 2, 1) 52— N5 HARR 2 TERMTBREG B i 2 10 75 RE AT 46 25 1t B 23
MoR i 2 7 RE AR Y i) L.
M FH A = e 51 75 R o8 il R R e A 5K, 4521

d/ 1 1
~ £ = - ds —_— d 2.72
u(w,y, z,t) dt (47ra2t //83(p,at) v > + 4mat //33(p,at) vds ( )

FiE. BEA - EERILBEASARE, BT o Ry ARA 2 LXGHK, B ey
ST C A -Fd LR L0ARS T, GAA, RAERT A oy MESRRE A @Rt
AZERy, ARTXEHT o B ¢ #AF 2 LK BB VAF BUR R A HARE F A 37 49 AR
B XEHRKETRET.

R LR IEARRT dS MERFSERITRIT do Z 1A B W KK &
do = dS - cos~y
Horp ~ JYIX AN AR T R J7 [m] () ) % A, T
Vi(at)? — (€ —2)* + (- y)?

at

cosy = (2.73)

SRE, (2.72)305

d 1
u(z,y, 2,t ( // godS) // »dS
a( )= dra®t J Jop(p,at) 47T02t 8B (p,at)

a({ 1 / / atyp ded
N U]
dt \ 2ma?t (6—2)2+(n—y)2<(at)? \/(at)z - (5 - x)2 - (77 - y)2
1 aty

m // +
2ma*t (€—2)2+(n—y)2<(at)? \/(at)2 (-2 = (m—y)?
Wﬁéﬁ\}%ﬂ:# ;éﬁ?ﬁa

2m
P / / x—l—rcos@ ysin0) rd@dr—i—/ / wl’—FTCOS@ ysme)rdﬁdr (2.74)
27m dt

dgdn

77«2 *?"2
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i 2.3.1. B2k 3 -k @ 3F TR H AR
U = 0% (Uze + Uyy) + f(2,9,1)
T TR AN s F A
u(z,y,0) =0 (2.75a)
{ ug(z,y,0) =0 (2.75b)
T &g KA X

fiE. DR PSSR R HE S = 4R RS IR B T RETE SR IR VGG 24 T SR Al A 3. 7RI RERATTA
InEGER s H T N5 R B W (x,y, 2,8 7) A&

th = CL2<W1;I + Wyy + sz) (276&)
W(z,y,2,t;7) =0 (2.76D)
Wiz, y,2,t;7) = f(z,y,2,7) (2.76¢)

t
HIfEE, A u(x,y,z,t) :/ W(z,y,z,t;7)dr B2
0

Uy = aQ(ua:a: + Uy + uzz) + f(l“:% Zat> (277&)
u(z,y,2,0) =0 (2.77b)
u(z,y,2,0) =0 (2.77¢)
FrIfig.
WA AN, A
1
w(z,y,2,47) = (i —1) //aB(p,a(t—‘r)) f(&m, ¢, 7)dS (2.78)
EJi:e
IS A

u(z,y, z,t) = dna? J, 17 //33(13,11@—7)) f(&mn, ¢, 7)dSdr (2.79)

BT w5 2 K, f5CER, Fridkis

a(t —7)
u(z,y,t) = / // f&n,T dodr
4ma? t =7 JJ(e—2)24(n-y)2<a2(t—7)? \/a2 t—71)—(—2)>—(n-y)?

(2.80)
/ // x—i—rcos@,y—i—rsm@ﬂ')rdwdT (2.81)

" 2ma r2<a?(t—7) a?(t—7)2 —r?

a(t—7) p27

/ / / f(x+rcos,y+rsind, 1) rdOdrdr (2.82)

" 2ma a?(t —7)% —r?
O

2.3.3 JEFIRAIE

Pu—a’Au=f (2.83a)
u(z,0) = (2.83Db)

Opu(z,0) = (x) (2.83¢)
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Pu—a’Au=f
u(z,0) =0
Ou(z,0) =0
% t
u(z,t) = /0 W(x,t,7)dr
Hrp

OPW — a?AW =0
W(z,0)=0
85W<ma0) = f(I)T)

1
= ,7)d
dma*t /BB(zg,at) f(a T) 7

- 1
W(x,t) = W(x,t — T) = m ‘/BB( ) f(O',T)dO'

1 |
t) = —_— dod
u(, ) 47ra2/0 t—T/aB(gm,at) flo,m)dods

1 flo,7)

47 B(wo,at) t—T7

Wz, 1) =

dVv

32

(2.84a)
(2.84D)
(2.84c¢)

(2.85)

(2.86a)
(2.86b)

(2.87a)
(2.87b)
(2.87¢)

(2.88)

(2.89)

(2.90)

(2.91)
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2.4 FERITEF
f5l 2.4.1. 1. FEFREFTOELENET A
2. iEBf
*f N cosf Of 1 0%f
g2 002 sinf 00  sin® H O¢?
IER. 10 BRI A AR R T A

Ll 1[0 (WeheOFY | D (WheOfy | O (hdwos
V= oty [&«(m or ) T a0\ hy 90) T 96 \hy 96
L9
B

1 0 of 0 of 1 of
~ r2sinf [81" (T Smea >+89( n989) (sm@&b)]

0f 208 10 et of 1 o4
Cor2  ror  r2060%  r2sinf 06  r2sin®6 0¢?

——=dS =0

0*f cosfof 1 0%f

g2 00? + sin@ 60 + sin? 0 Dp?

D*f  cosOOf 1 92f\
// <892 Sln9%+sin20&¢2) sin fd¢dé
of | 1 o°f
// Smeﬁ“ 9@+7872d¢d9
—_—

12 I3

™ 2
I —27r/0 sm@%

:27r/0 smﬁdg‘g

T T (‘9f )
— cos8—do

e
of

=-2 0—dé
7r/0 cos =

I :27r/ cos@afde

27 62
Is = o 8¢2 ¢/ Sln9
(9u
~ 99,
=0

L (OF .
=27 (8951119

sin 9

5 2.4.2. B%
uy — a*Au =0 (2.92a)
u(z,0) = ¢(x) (2.92b)
uy(x,0) = () (2.92¢)
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(a) *(2.92)1F T H ik 3L T Ak
Vgt — Av=20
v(z,0) = ¢(x)

”Ut(l',O) = ”(/)(:L')
(b) WLEAA T 4k (2.92)89 /%, KATA F K (2.93) 89 %,
5 2.4.3. = 3L

o(r, ¢, 0)sin 0depdd

) sin 6d¢dé

NN

?\H?F

/

o

34

(2.93a)
(2.93b)
(2.93¢)
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2.5 SEEAEFEN=RAT
2.5.1 dim=3

07 o = 1 HOfso0 FHEAT it i,

d 1 1
=" do )+ — d
ule, ) de <47T75 /{)B(z,t) #(©) U) MR /aB(m,t)w(U) 7

WER 2.5.1.

u(e. 0] < & (2.94)
IERR. JAIWT S, EARUER] Bk, KT EEH
.0 <0 ([ 1o+ [ i) (2.95)
NP E, - BERE (2.95) IEFIIRTHE THES(2.94), 2 —20UEW(2.95)
1. %
U(xvt; )\,.’Eo) =u (x —::EOa ;)
e M A
v(0,1) =u <:r;7 i)
v e
vy — a?Av =0
v(z,0) =u x_;IO,O = <x—|;\a:0> =0
’Ut(x,()) _ §¢ <a:—i;\$o)
i (2.95)4 ,
T+ o 1
|v(0,1)|<C</R$ w( ) d:c—l—/R3/\|1,b(x)|dm>
_c (/ — (V) <"”+x°> dx—ir/RB % |¢(x)|dx>
y = T+ o
A 2
——A (X[ |Ve@)dy+ A d
([ wewiar+ 2 [ wimia)
WA= —,z9=2
to’ to
HHAT B P AFE.
2.

w0 =g [ pse

BT R L BRI B AT R R RIS, AT H 2 BT o MR o> 5 ok
T o M VY[R, BATH T H 2R #

/B@,l) div <¢($)|i|> dx:/aB(O’l)w( )|;| FdS(x) = /83(071)1/)(x)d5(x)
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Lm>w@mﬂ $<Lm>¢@|x+ ETAS
T n—1
= \V4 - — d
A@D A R e R
<o Vo) + e()lde
B(0,1)

J:EEI’JWL%F@E FR) i A

(a) m TR RUA R AT 3 LI

(b) =

@1 B I A
STHER? X %&MMﬁﬂ||ftﬁmﬁﬁ¢ BRI T EREERL. FRA155

MM T, f£ 0B(0, 1) E ol ) 5 ALANE F R IE R o (o). A1 AL R B X i b

IS, PRFrss ﬂ £ 5 R B A ANGY

PATEFHEANRE], HULE B SR —HER e ar 3, e rdAl, RENA I EER
T XL A ML E — 2L B AAEEAEX NS EZ A A, ENRBUEEEN KX
15 N S AR %Eﬁfﬁ%ﬁ$ﬁ£ XA R AR T ST B AR, (e BRI s, B

9B(0,1) A W W seemFE, JFHAENRICHE SAL % TRANTS 2. FH IR A eG4

B Z BEAT LT TSR, SRATALGR AR T IR T, T T IR

4 x(p) € C¥((5,2)),6 =1 near p=1

/;@dw(ﬂ@wm>;)dm

=[xyt -aas (2.96)
= [ ¢Y(x)dS
5'2
[i44

. < o [ Jaiv (et ) o
lzl<1 (2.97)

<o( [+ [ [woa)
]

2.5.2 dim=2

2 27
/ / @(x +rcosb,y + rsinb) der—l—/ / Y(x +rcosl,y + rsinh) rdfdr
" 27a | dt

a2t2 —r2 a2t2 —7r2
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HT @, ¢ #EAE L, VAN TAEEN (20, y0) € REAFLE R yo) 1515 suppe C B(Zo, Yo, Rizo o)), SUPDY
B(Q?o,yoaR(wo,yo))

rdédr

o2 b (g 4 1 cos @,y + 7 sin f)
R(zo,yo) p2m (xo + rcosb,yo + rsinf)
Lo

at>R(zo,yo)f

rdfdr

/ (z0,y0) /27r (wo + 17 cosb,yo + rsinb) ‘dﬂdr
Vatz — 2
CEO yo r
< M ———=dfdr
/0 /0 (0212 _ 12
R(z0,y0) .
=2tM —dr
/0 NreTe
Z0,Yo R
< 27TM/ (!Eovyo) dr
0 \/a2t2 — R?(0, y0)
_ 2r M R? (%0, %0)
\/a2t2 R2 xOv yO)
~ E
0 0
/ / o(xo + rcosb,yg + rsinh) dodr
Va2t — 2
R(zo, yn)ﬁ /R(IO o) /Qﬂ 37(] +r cosf s Yo + rsin 9) rdOdr
dt a2t2 — 2
R(z0,y0)

2m . .
<_1> o(xo + 7 cosb,yy + rsinbh) 002 trdddr

(a2t? — 7“2)%
/ (@0,30) / w(xg + rcosb, yo+rs1n0)
(a2t2 — 12)}
170 yo
/ / ——————dfdr
a2t2 _ 'rQ)
(z0,Y0) t
= 2w Ma? / 7rdr
o (a2t — r2)3

R(x0,y0) t
< 277Ma2/ R(@o, yo) <dr
0 (a?t? — R?(x0,y0))?

r‘d@dr

_ 2rMaPR*(z,yo)t
N (a%t? — R*(x0,40))*
1
t2

AR, L@ et AR R, RA—EE, TUALER L (72 AR K — B R
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2.6 BEEANFN. KIHEMIME—EFIRE M

Ut — Au=0
PIILIFEIS we, 735

UrUpt — ’LLtA'LL =0

Y LoANRE
1
UtUgr = iatuf
3
u Au = Z Uy,
i=1
3
= [az (utum ) — Ug,;t Uy }
=1
3
— Z {0,” (upuy,) 28tui
=1
3 3
L, » 1 2
> Lot - Lo
i=1 =1
1
- §3t|Vu|2
3
Z 893L (utuii) = div(utuﬂm y UtUgy Utuzg)
i=1
= div(uVu)
lEs) , ,
Oy <2ut2 + 2|Vu2> —div(u;Vu) =0
AR o
€y = §uf + §|Vu|2
Orey, — div(u;Vu) =0
Casel:R3

#(2.98)7F R? Eit 75y, 33

Oredx — / div(usVu)dz =0
R3 R3

t tv — 0
(9 / C(U)(lx / (11V(u u)(ix

/ div (u;Vu) de = /ut (Vu-m)dS =0
R3

0

38
Iy AR
(2.98)
(2.99)
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A
8,5/' e(u)de =0 (2.100)
i
E(t) = / e(u)dz (2.101)
M EH (2.100)F
E(t) = E(0) = /]R (;1/12 + ;|w12> dx (2.102)
Case2:}
up — Au =0 (2.103a)
u(z,0) = p(x) (2.103b)
ug(x,0) = () (2.103c¢)
u(z,t) =0 (2.103d)
99,V

¥ (2.98)7E Q LREATRY, 1535

/@eudm — / div(u;Vu)dz = 0
Q Q

d
/eudx—/div(utVu)dxzo

Bu(t) = /Q e(, 1)

i

H RS 52 B A
/div(utVu)dzz;—/ u(Vu - 1)dS
O

o0

e, u(z,t) =0, WHRAERIEE zo € 00, u(wo,t) £ ¢ WJ7H] EEUETE N HE

90, V't

0, BIBERT ¢ RMWTZHRNE, B uy(z,t)

=0. XHT Vu-i 25 &E, i X0, dil

o0, vt

—E,(t) =
& (t)=0

ES)iie . .
Bult) = B.0) = [ (2w2 ; 2|W|2> da

Fid. MMEL—T L@admfAE AL, BIEFAANRGTIE, wERMNFE R At E, LA
CAFEL; REAMFEEINTE Q AORE, & ulx,t) RelE 0Q LBAER, FAREEZ
Flaay.

&
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FI A e = P I1EE BIERARAIME— 14

EIE 2.6.1. K3 HAEMAALR A

Uy — Au = f
u(z,0) = p(z)
ut(z,0) = ¢(x)
0

u‘BQx[O,-&-oo) =

) ff - 12 ] o —

IEH. B uy, ug RN, 2w =ur —ugs W

wy — Aw =10
w(z,0) =0
we(z,0) =0
w(x,t) =0
o0,V
HAEEE S EEHE, A
E,(t)=E,0)=0
Wy = O,wmi =0
Y%E
w(z,t) =w(z,0) =0
R
U1 = Usg.
2.6.2 AEFFRMAAFE
E,(t) B9f&it
xR AR IR T
Uy — Au = f
u(z,0) = ¢(x)
u(,0) = P(z)

u|c’)Q><[O,+oo) =0

£(2.104a) W34 [F)3fE ue, TTFS

1 1
Oy <2uf + 2|Vu2> —div(w; Vu) = fuy

~ o~~~

40

2.104a
2.104b
2.104c
2.104d
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¥ ERTE Q BB, 195

d 1 1
Bt = [ fude < / Levd)de<m®+t [ Pt
dt 0 2 2

B
AR et 193]

PRI 0 2 ¢ B 15,

Eu(t)get[E(o +/( /f xsdx) ~q ]
<! [Eum) +/O (Q/sz(m,s)dx) ds] < l0<s<t
<e” {Eu(o) + /T (1/ [Pz, s dx) ds]
=e’ [ E,(0 / / Pz dxds)

—eT (EU(O) + B |f”L2(Qx[0,T]))

< (Bul0) + 1 ooy

/ W2dz B
Q

_‘[/)X'L
Eo(t):/UQdac
Q
)
EE (t) = /2 d
=’ Q e
g/zﬁdx—i—/ufdm
Q Q
( ) E,(t)
2
e (B0 + 1oy
Y
d

T 2
an( ) — Eo(t) <e (Eu(o) + ||f||L2(Q><[O,T]))

HEER LA EsRE 15t TRIEE, idh C.
PIE 3 et 135
(Eo(t)e*t)/ < Ce™
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MO 2] ¢ AT, 15 .
E(](t)e_t — E()(O) < C/ e °ds
0

AR SEEG)

Ey(t) <e' <E0(O) + C’/t e_5d5>
e' (Eo(0) +C)
™ [Eo(0) + ™ (B@O) + 173200y )|

" (Bo0) + E@(0) + 1£12(0xi0,m))

NN

A

FIA e 2 ITIERRRAVRR E 1
FI 2.6.2. KA HA(P)MIE u(n,t) ETEELT LTI o, AdEFRT [ RAERN.
Xd» VE > O’ 377 > O’ /Q‘% 90178027¢17¢27f1)f2 /’%E

o1 — <P2||L2(Q) < 1Y — ¢2||L2(Q) <N

Vo1 = Vol <, (1 f1 = fallL20,myxa) S0

0] A ©1,91 VoR K- fi HAEF KRB G uy F2 VA P2, s A AAE, fo HAEFRAGI IR uy 89 £ 1
0<t<T LHE

Jur =zl 2y S & [Vur — Va2 <€
10rur — Brus| 20y < €

BB, B w=u; —uy, N

wy — Aw = f1 — f (2.105a)
w(z,0) =1 — p2 (2.105b)
yw(x,0) = ¥1(z) — ¥a() (2.105c¢)
w(z,0)]on =0 (2.105d)

H AR A
2 1 2 1 2
wide + [ -w; + z|Vw|*dz
Q Q2 2
1 1
<Cr [ w0+ [ Jub0)+ 1 1Vute. 0 ds + 11 o
Q Q
1 1
—cr ([(er—paaot [ (5001022 + 51V1 = T ) dat s = Fllsoniom)
2 1 2 1 2 2
<Cr | n T g A

<e
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T OREM S — 1R AL, VIS AA MR RS TRSAEA MR L R ik i
REAE. A0 T 2 AN H R HE G R BATCHE S MRy B, HEG IO T, #E& MM N K.

Utt—AUZO

UtUtr — 'U/tA'U/ =0

¥ EREHE S WIHT Ry, R, MG R = gEs 0 b — R [a] S 3 DY 2 2 8] o i — AN LA
/ Uty — U Audaxdt =0
AT A AT
Oe(u) — div (u,Vu) dzdt = 0
HE&
/ divy . (e(u), —u;Vu) =0
e
H IO R A
/ (e(u), —uVu) -ndS =0
BUTUK
551 B HIEALANERZ (—1,0,0,0), T HIBAIANERAZ (1,0,0,0), ATLAA
/ —e(u)(z,0)dz +/ e(u)(x,t)dz +/ (e(u), —uyVu) - idS =0
B T K
it i 2= IB o
p(x,t) = —[t —to]* + |z — mo|”
T4 B AN )
7= v.r,t@ _:E(— t—to T — 2o )
|Vz,t§0‘ \/§|t—l‘:0|7 \/§|$—$0|
]
T —
/Be(u)(x,O)der/T (z,1) dx+/ —uVu) - |x—x0|dS_O
1]
— 2
\f/ —uVu) - |x—x0|dS
2 Zo
2\[/ u? + |Vul* — 2u,Vu - | — xo\dS
2 2 (220 yu)? ) dsS
M/ (=g o)+ (e - = v)
id .
_ T — 2o
Fluz(0,t) = \/i/Ke(u) + (—uVu) - \x—x0|d5
JUEES]

7+ |Vul?) (t)dx + Fluz(0,t)
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2.7 S

L. 7 e
(1)
Uy = a%Uyy t>0,2 >0 (2.106a)
u(z,0) =z x>0 (2.106b)
u(2,0) =0 x>0 (2.106¢)
uw(0,t) =t> t>0 (2.106d)
. BAMEFAFIEN u(x,0) = & (), u(z,0) = U(z), HIERATRA,
ula. 1) = P (x + at) ; ®(x — at) N % /::” (s)ds
u(0,t) = w + 216L/_(j:t\11(8)d8 =t5,t>0
AYiRE () (FFEH, shrf B
O(—at) =2t* —at,t >0
BRI 2 < 0 B, 4 )
O(x) = 91:2 +x
PSS IEEE Y|
x x = at
u(@,t) =49 1 t )
Ex <1—a>x+t r < at
O
(2)
Uy — a2 Upy =20t >0,z €R (2.107a)
u(x,0) = x? z€eR (2.107b)
u(x,0) =sin2zx x€R (2.107¢)
R PR AT 2
Uy — QU =0 t>0,z€R (2.108a)
u(x,0) = 2? zeR (2.108b)
ur(x,0) =sin2z ze€R (2.108¢)
H1E B DUR A3,
u(z,t) = (z = at)” ; (z + at)” + % /::t sin 2sds = 2% + a*t* + % sin 2z sin 2at
Uy — @2 Upy =20t t> 0,2 €R (2.109a)
u(z,0) =0 zreR (2.109b)

ut(z,0) =0 reR (2.109c¢)
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HISF IR R, 8

Wy—a*Wy =0 t>1,2€R (2.110a)
W(z,7)=0 (2.110b)
Wiz, 7) = 227 (2.110c)
fi# 15
1 z+a(t—T)
Wz, t;7) = / 2s7ds = —2x7? + 2xtT
2a z—a(t—T)
A2,
‘ 1
u(x,t) = / Wz, t;7)dr = gaztg
0
P A & 45 R . .
_ Lt o3 o2 20 Lo :
u(z,t) = 311;75 +z°+a"t + %% sin 2z sin 2at
O
2. RAR =4 T A%
uy = a*Au t>0,z € R* - {0} (2.111a)
u(z,0) =0 (2.111b)
uy(x,0) =0 (2.111c)
lim 47r?u, (r,t) = g(t) (2.111d)
r—0
IR FRAE w = u(r,t), H g Wi g(0) = ¢'(0) = ¢"(0) = 0.
3. Bt a,b,h, I NIEWHL IFH b <1 F0BARELRW T IAEFE AT w = u(z, 1)
Upe = 02 Uypy t>00<z<l (2.112a)
— 0<z<b
u(z,0) =3 by (2.112D)
= - <z<
T b(l x) b<z<l
ut(z,0) =0 O<x<l (2.112¢)
u(0,t) =0 (2.112d)
u(l,t) =0 (2.112¢)

IER. WA AR AL
u(z,t) = X(x)T(t)

(AWNCE
X(2)T"(t) = a®> X" (2)T(t)
() _ X'(x)
a?T(t) X(x)
B

X"(z)+ XX (z) =0
X(0) =0
X(1)=0
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BN <0Rf, EEN
X(x) = Cle‘/j’\x + C’ge*\/j“”
RAVMEFRLT CL = Cy = 0, X2&F JUAE.
M A=0H/, @fEN
X((II) = Clx + CQ
RAVHEFAELT CL = Cy = 0, X2&T MUAE.
20> 00, EEA
X(z) = Cjcos VAz + Cysin VA

2
RS HRAE Cy = 0,2, = (‘”) 1,2,

l
133 —2H A
. km
X (x) = sin Ta:,k: =1,2,---

KA EH N ARAEB T (1) + a®XT(t) =0 1, 13

2
T"(t) + a® <kl7r> T({t)=0
flAS y By
Tk (t) = Ay cos %t + By, sin %t
i
= = kmw akm akm
U(x,t) = Xp(x)Ty(t) = sin—zx [ A cost—l—B,sint)
(1) = 3 X T) = Yosin T (Ayeos 1+ Brsin
RAVHE R A
h
> krm —T 0<z<b
ZAksm—x: b
! M usy b<a<
k=1 I—b B S
B,=0,k=1,2---

4. W u = u(w,t) U HHILAE F)

U — Uge = fo(z) t>0,0<2<1
u(z,0) = h(x)

u(,0) = g(z)

u(0,t) =0

u(1l,t) =0

FCIE A, Hrb f, g, h #5206 EEHH L h0) = h(1) = 0.
1. iEH

1

d 1
— [ (u2+))da = 2/ fo(x)upde

46
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TERH.
Upllst — Ul = fo(T)Us
Xt 76 [0,1] B, 53
1d 1 1
BT i (Ut)de/o utumdx:/o fo(@)udz

B, @ 1

1
— / UpgUg A
0 0

1
/ Uty dr = (upuy)
0

O
6. W u=u(z,t) NPT
up = Au t>0,z€cR3
u(z,0) = f
u(r,0) =g z€R?
tiR, i f,g € O (R). X
K(t) = ;/R g (2, )2z, £ > 0
P(t) = % (Ve )Pdet > 0
WEBH: )
1. K(t)+ P(t) KT t > 0 K ERE
JERA. TE uy — Au =0 PMIFER u,, 1535
ut% —ugAu = %E)t(ut)z —wAu =0
£ R® E#Gr, 153 L d
o /R3 lu |2da — /R3 uAudzr =0
SR,
%% g |ug |*d + . Vuy - Vudz =0
iy n n
Vu, - Vu = Zumu% = Z %Gt(um)z = %@\VUF
i=1 i=1
PP = v L d L d
2dt/Rs |ug |2 dar + 2dt/Rg |Vul*de =0
I ! O

I 1"
lim T/o K(t)dt = lim T/o P(t)dt

T—+o00 T— 400
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R 2.7.1 (L? Hardy £~%30).
u(x)

2 o0 n
- < m”vu(ﬂﬁ)HL?(R")v u € Cg°(R").

L2(R™)
IERR. HPE ) 2
e () Lrmone wecren
E X
Su(z) = xll;ﬁf) Au(z) = Vu(z),
RHIE

/}Rn |Su(z)|?dz < C’/Rn | Au(x)|*da,
MNTREHE kR, HiE

0< / |Su + kAu|*dz = / |Sul*dx + k‘z/ | Au|*dx + Qk/ Su - Audz
Rr Rn - an

R 2
Su-AudJ;—/ xg-uVu—/ 2-V<u>dx,
R™ R™ .'If‘ Rn |$| 2

B3P

9z _|3v|2—2x12:>v r  n-—2

o' |22 |t jz2  J2?
1y B ,

Su - Audz = — = |Su|*dx
Rn Rn

DN

0< k:2/ |Au|?dz + (1 — (n — Z)k)/ |Sul*dz, VEkeR.
n Rn

AR —NRT kB IREEL, 2

k= ((n—2) /R |Su|2dx> / <2/R |Au|2dx>

i B S e/ ME, ARG
9 \?2
/}Rn |Su|?dz < <n — 2) /}Rn | Au|?dz.
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AESHE (T8HEE)

Oou— Au=f (3.1a)
u(z,0) = ¢(x) (3.1b)
u(z,t)|oq = p(x,t) (3.1c)

3.1 HBET=EX
Fid. B E TR LA FFAMERALFRREKREFT A HIGE, IFTRA>BLT X

3.1.1 dim=1
B 3.1.1. A BT X5 KB T oyl {4 .
up — a’ugy, =0 t>0,0<x<l

u(z,0) = ¢(z)
u(0,t) =0
(uy + hu)(l,t) =0

Ed h AEFH.

. 4
u(z,t) = X(x)T'(t).

TERNTRE, [7E

XT' =a*X"T,
Hl
T/ X//
2T~ X

XAFEX ARG WIS T HES A oL, S EOy -, WA

T+ Xa’T = 0,

49
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X"+ AX =0.

X () 43 30 R4
X(0) = 0, X"(1) + hX(1) = 0.

1. éi)\<OH—J" /\ﬁq:ﬂﬁ X=0

2. %4 X > 0K,
X () = Acos V Az + Bsin vz,

R X(0) =0, 5 A=0. FRHEE-ADREEEE
B(VXcos VN + hsin V) =
NAE X () AR FURE, N DBl 2
VAcos VAL + hsin VA = 0,
BIP N R I By R AR IEAR -

tan VAl = ——ﬁ.
h
L v = VAL, RS K
v
t -
anv = — .

TEEF, ZRRA LTS ZA LR v > 0(k=1,2,---), L (k- %)w < vy, < km. IS
FEELT A EAE

Ay = (“7’“)2,/{:1,2,-.-

A LR [ o 4
Xk (x) = By sin \/ A\px = By sin Ul—kx, k=1,2,---

HE A = N RAFIXRT T (R, e
Ty (t) = Ck.efa%"*‘t, k=1,2,---

FR A A )
t) = Z Ake*‘lz)"“t sin v/ A\gx.
k=1

R EE R Ay, 1SR R WIE KA
x) = Z Ay sin \/Ex
k=1

ﬁ%m%ﬁ/@,ﬁ%ﬁwlﬁuﬁ%{xg_{mufl} £ [0,1] IERS. WA mE X, A
o SYRIE R TARFEIR B A N, T A, BD

DA X, F1 X, Zpolafe b ss —x0REg =50, 153

XmX;L/ + /\nXan = O’
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X X!+ A XX, = 0.

m

P ARIRETE [0,1) B, A
l l
/ X X! — X, X" Az + (A, — )\m)/ X, Xpdz = 0.
0 0

SEWHEMN A

l
=0.

!
/ X X! — X, X!dx = (X, X, — X, X))
0 0

(A1t l
(An — )\m)/ X, Xndz = 0.
0

BT Ay # Ao AT B0 A 08 ECR I A
1 1
/ X, X,dx = / sin \/ A,z sin /A xdr = 0,n # m.
0 0

1
1
M, :/ sin? /A\pxdz
0
/l 1 — cos2/A\,x
= ———dz
0 2
_ £ - sin 24/ Al
2 4v/ Mg,
B 1 _ 1 sin v/ A cos v g,
2 2/ sin? VA, + cos? vk
_ £ _ 1 tan Vgl
2 24/ )\k 1+ tan2 vV )\kl
Vk
_ L Ik
2w v}
2— |14 —%=
l ( +l2h2>
1 N h
2 2(h%+ M)
T2 l
1 .
A = M/ ©(§) sin v/ Ap€dE.
k Jo
1327

0 l
u(w, t) = Mi / (&) sin /A EdE - e M sin /N,
k=1 =k JO

il 3.1.2 (dim=1).
U = gy + f(z,t) 0<z<lt>0
u(z,0) = ¢(x) 0<z<!
uz(0,8) =0
uz(1,t) =0

o1
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AR, ¢ WBRARENF T 5T, RMLAh AT,

. 25 RS LTI TT R

Up = a*Uyy (3.3)
#
u(z,t) = X(x)T'(t) (3.4)
RANTTHE(3.3), 153
X(z)T'(t) = a* X" (2)T(2) (3.5)
() _ X"(x) _
T - X - (36)
X"(z)+AX(z) =0 (3.7a)
X'(0) =0 (3.7b)
X'(l)=0 (3.7¢)
M A=0 8, RS
FRNVE(3.7b) F1(3.7¢), 15
X(z)=C (3.9)
A > 0B, RS
X () = Acos V Az + Bsin vz (3.10)
]
X'(z) = —AVAsin V Az + BV Acos V Az (3.11)

RNWIME(3.7b)F(3.7¢), 15

X'(0)=BVA=0=B=0
2
X'(I) = —AVAsin VAl = 0= VA = kr = )\, = (’?) k=12
# ER PR LE IR, FRA11F 2 A R R

k
X (x) :coswa,k:O,l,Z-- (3.12)

B u(z,t), f(z,1), o(x) XA 5EHK LR FIrE, 145

u(x,t) = ng(t) cos kTTr:U (3.13)
fla,t) =" fult)cos kT”x (3.14)

> km
T) = COoS —X 3.15
o(x) Z:O@k l (3.15)
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o
1 l
l/f(x,t)dx k=0
fk(t): Ol
2 km
/f(x,t)cosxdx k>0
I Jo l
1/
/ p(z)dz k=0
p=4 Lo
k= I
?/ go(x)cosk%xdx k>0
0

N7 FE(3.2a) F1(3.2b) 13 2]
= km =, kn\?  kn > kr
ng(t) cos —- + Z a“gi(t) (l) cos —~ % = Z Jr(t) cos i
k=0 k=0 k=0
= km - km
Z 95(0) cos Tr= Z PrCOs ==
k=0 k=0

XN R HHSE, A

{gm =(5) ot = 5o
91(0) = @i

ar(t) = exp (- (’“71“1)215) o + /Ot exp (- <k7lm)2 (t - s)> fu(s)ds
km

=0

3.1.2 AR

5 3.1.3 (TS R AE T ITE).
By = Au
u(,0) = o(z)
u(z,t)],, =0

£ Q={(z,20) 2] +23 <1}, u RXAEQ L.

. &

Iy

53

(3.16a)

(3.16b)

(3.17a)

(3.17b)

(3.18a)

(3.18D)

(3.19a)
(3.19b)

(3.20)

(3.21)

(3.22a)
(3.22D)
(3.22¢)

(3.23)

(3.24)

(3.25)
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AX +AX =0 (3.26a)
{Xuﬂwﬂzo (3.26b)
FIRALRT (r,0), 13%I

fX+%&X+%%X+AX:O (3.27)

/%
X(r,0) = R(r)6(0) (3.28)

]
R'6 + %R’@ + %R@” +ARO =0 (3.29)

KT WIAFEER R(r)O(0), HHE1E
?R"+rR + Mr’R o

= o = (3.30)
0" + 6 =0 (3.31a)
o) = O(6 + 2n) (3.31b)
Mo < 0B, GyEE TG 2 5 (3.31b).
M op =0 K, A5 HEFN
6(0) = C10 + C, (3.32)
B 2 NFAW, © RAEEEEEEE C.
2o >0 B, W AN
O(0) = Acos/pb + Bsin/ub (3.33)
FHE © UL 2n SN, 2r BAURE RN EA 37; 1 I K
BTl p = 12,22, ...
iR E
r?R'+rR +(\r?*—p)R=0 (3.34)
WAEE R
PR +rR + (M* —n’)R=0 (3.35)
N T REAR N NIEIRTTRE, VR B AR
r=c'p (3.36)
)
R, =cR,,R,, = *R,, (3.37)

(AW e
fﬁwmﬁ+(éj—ﬁ>R:0 (3.38)
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EXC:\/X’ ?5@”
pQR//+pR/+(p2—n2)R:0

{pQR//+pR/+(p2_n2)R:

95

(3.39)
(3.40a)
(3.40b)

(3.41)

(3.42)

R(VXN) =0
R(p) = Ju(p)
HY U8R B S, FRATENE J,(p) BT NIRRT S pf, -, FTEA VA = 5, A
(r)? )
R(r) = R(p) = Jn(ptm,1r)
P I 2|
T/(0) + (un)PT(E) = 0
1S
T(t) = exp (—(uh)’t)
#

Z Z exp (—(upm)?t) Ju(prr) (Ap, cosné + Byl sinnd)

n=0m=0

N FIWIE S 1F(3.22b), 43

z Z Jn () (A cosnb + By, sinnf) = ¢(x)

n=0m=0

“SHEL” 4,
A5, = o B = v

. it LR AT ARAY T AR AR
1. cosnb,sinnd & L*(0,27) PHIZ&ERLF.

2.
1
/ T (W) T () = Gy
0

3.1.3 3@
5 3.1.4. M5 & X & EKMMAEF I ALE LA AL :

Up = Ugy t>0,0<z<1
1
0 —

u(0,t) = u(l,t) =0 t>0

(3.43)

(3.44)

(3.45)

(3.46a)
(3.46b)

(3.46¢)
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. B, BRERAMRXIE, FRATIRXE, W) LA g 7 B AR EOR AR
B, BIUERA.

_‘[/)iL
u(w,t) = X(x)T'(t)
A
X(2)T'(t) = X" (x)T(t)
T/(t) B X//(.’t) B
() X))
X(©0)=0 (3.47b)
X(1)=0 (3.47¢)
WA LR
Xy (z) =sinkra, A = E*n% k=1,2,---
HEE
T'(t) + \T(t) = 0
&S
Tk(t) — efk27r2t
(Al AT N
Uz, t) = Z Ak€7k2w2t sin krx
k=1
HAME %A N
U(zx,0) = ZAk sinkrz = ¢(x)
k=1
O

5 3.1.5 (P56,2-2-6). ¥#&H a FEH-FAR, LR @LEHK, ERGEFLFERFFTE v, i
BRARERFFE u, REKRBZBBREWEES .

TE B O
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3.2 fPg o)
3.2.1 BEHNEH

wy — a?Au = f
{ u(w,0) = p(a)
%F o fF Fourier %5, 114
{ (6, t) + 4n%a?lgPale, 1) = F(&, )
(€, 0) = 2(E)
Fig. IHEERMMAERETHAXT » 89kF, #de PDE R T ODE!
KA FEF exp(4na?|E*t), 133
(@&, 1) exp(dma®|t))" = exp(dma® (€]t (&, 1)
W0 F ¢ BATESY, @
e, ) explna’lel) — a,0) = [ explanallePrfe, e
pesiibes
6.1) = exp (~422ai60) p€) + [ oxp (~4mleP(t — ) Fe,man
E Fourier WAsH, 7451
w(z,t) = F (exp (—4n2a (1)) / T (oxp (—Am2@[EP(t — 7)) * fla, T)dr
ERE
ool _y omnlel?

2 —1402
e—7r|6ac| _>5—ne—7r\6 £l

5nef7r|51|2 N ef'n'|§’1§|2

1
=
4ra?t

UES)

z* 2 21412
(47Ta2t)% exp( yperl Budse (—4m*a®|€*t)

|z -yl
u(@ 47Ta2t (4ma2t)® / ( 4a?t )y
1

+/ot e [ oo (—4L€(§ﬁ'j))f<ym>dyd7

57
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3.2.2 fRHYMER
T IRIEIBIRE

1 |z —y|?
u(@,t) = (4mra?t)s /n eXPp <_ 4at Ply)dy

oo BARSEE, FFHAEEREERTE Bad BT UER], WEER ¢ > 0,2 € R", #
A u(z,t) >0, XERERITRAETREE !

%N
i

2
Ki(z) = 471'(1275 ¢ < é|l Lt)
NP SRR EE A (Fundamental solution) . 12 FIAEHAS T ULE It A 5 VME 21 FE R K
iy
u(z,t) = (K x ) (z).
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3.3

WERIE, EMRE)EERIME—EIE M
A I3 TR SRR A A M, T3 ELA A P S R, R

FIREFAERT M OIREE.

Eie.

a8

EIE

U

TR

JitE

WAt F ARG AL B K FE T 12BN, KA IEN 2] ¢ AR MER KL R
E X
Ry ={(z,t):a<z<p,0<t<T}
Ly =la, 8] x {t =0} U{z = a} x [0,T]U {z = 8} x [0, T]
3.3.1 (WAEJAH). % u(x,t) £4EH Ry L%, BELNN R HAREFHTA

U — a*Ugy =0
VAR Tp KB R KB A5 )ME.

FAIE w FTBAME Tp EIEBIRAAE. M T HR/AMERTEE, RATEBE —u, T MRS S
» HEKEX N w B HUIME.

MRS, BB u ANRELE Tp EIEFHCA.

y

m:=maxu < M := maxu
FT RT

L B u(z,t) FERL (w0, t0) € Ry IKFIEBKME, WZAK— i SEETE, —HWSENTFT

z,
Ut(iUanO) = O,Ux(xo,to) = 07

U (20, t0) < 0, ugy(20,t0) < 0.

g, AXERMAARFETA. ARAFETANREAR, 2R u ERNFRIRKMEERT
Uy —um|( ) 2 >0, 22 H T u #HZ Laplace 742, A uy — um|(x07t0) =0, KT TEAF
FREARTFE. XL KARE], B8 o R —AMEER, 113371338695 K £ 7 RRIE R
KL, 12 R Fi#H 2 Laplace 742, RIFAH v, — vgp < 0, IHFRMAAEB FHT A, KA ZIH
By B B AR Loy KA T AR KA, RteMzbAg —BE, IBEAXRALFT
BATEGHRAE.

WR—AME Z 0915 ERAFRT? B AR S ARLT

WHR—ANKT 2 89— RAHFERARITH, KMRFZIEHRET, £RAHZ Laplace TH; FJE
MEXT o 9AMNA, FTHENA, cBERER, EOKAAFELE, ROKARFEL
N, HRBREAMNYEK, BNMEZALRCRKARFELE, IHBREEHLNT.

BT REZA D EXFE, MEEAAFEORKEDTANRGR KA, TP—ik, KRINEZ
A HEY R B AR LA R KA N T AR KA, Ak hFr —K& £, TR ERAHF
T &AMV RAE.

RBER B — /O @ Lo kR, IRH ARG BAE LS, BT AR ARITAATKAAR S . AR
L, AR EIEGGAFT R LA EIERGER S, BEXE, B TRMNA—ADARERE, BT
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QB ARG GG IE B A A, RAT AR B KA, HAVE T LB LR R AT @69 R4,
T R L3ty EAKE DN T M 5 m 892, EIHRIETIRX —AZ GV K A& R 3REEF
R KA.

H—EE2idE, ZAMANORKAE AN IS ERAZER—ENZ R KAE, B2 EH £
2. AFERR TR ARBELA—ANERTARENH A E#HIFT, IR T A AR
B | KA.

o RIER—ANKT t 9AR?

EEE—NR, CHRAKT RN, RN Tk v, —v,, BEHAIRZADTE, —HA
FEELTE G, KAFERELEAEZATERIFR KA, ARAH—M 69 20R AR ),
B — MR A AN K, AR DI T EARAEIET, B R AR TZ AT N
R KAL R AGME, IEAEIE KAAR—M, R ERAUREEE R AATL FH, HECHEFTRE2K
RERFT. IFEAREEF-ANAXT t 9 AMFELLTTM!

S
M —
v:u+T2m(xfxo)2,L:B—a.
EWPILSR Ty I, o M3
o, )] <m+ 1 LIy
4 4
TE R
v(wo,to) = M
A1

maxv(z,t) < v(xg,ty) < maxov
't Rr

B CART AW E o 7E N EBEAR AR T b 1) K AH.
W v fE (x1,t1) € Ry I8E|HAME, WAH
vt(xlytl) = Ovax(xlatl) <0

>0

= (v — a*vsa) ’(rl’tl) ~

{H

FIE!
2. W u(w,t) 7E8 (w0, t0) € [, B] x {T} AiEE|H RKAE, W

Ut(xo,to) 2 O,Ux(xo,to) = O,sz(.’ljo,to) < O
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EIE 3.3.2 (Dirichlet ff, ME—MEFITREN). A& FF 4209 L 1E 19 A

w— U, =f 0<z<l
u(z,0) =p(z) O0<x<lI
u(0,8) = pa(t)
u(l,t) = pa(t)

B Ry LigRE—1, mBESRMTE Dy LSRG, AEFH.

TR

1. ME—HE
WIER uy, ug RHDAFRNE, 2 w=u —uy W w HLEMTTFERE

Wy — Wy =0 0< <
w(a:())—() 0<z <l
w(0,t) = 0<t<

w(l,t) = 0<t<T

£ Ry = [0,1] x [0, T) FRMAEERE, 713 w(z,t) £ Ry FRISRKEA S/AMEEEIR AR T
&}

SENN w|FT =0, Fibh w fE£ Ry FIEAZE.
2. fasElE
LIPS max, ()| +0ril%>%(|u1(t)| + 2 (t)]) < &, I HIMRAE R,

HII{E;:X’LL(.’L‘,t) = n%z;xu(x,t) <e
n}}ziTnu(x,t) > —¢

lu(z,t)| < e,¥(z,t) € Rr

EIE 3.3.3 (Robin 41H, ME—MERIFRE ). #4EF 7 A2 09403 48 19 A2

Uy — 0P Upy = f
u(z,0) = ¢(x)
u(0,t) = pa (£)

(uy + hu)(l,t) =

AR Ry EfERE—0, mB &SR TE [+ LA R G, DIEFH.

TR
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1. ME—1E
HELE
U — Ugy = 0
u(x,0) =0
u(0,t) =0
(ugy + hu)(l,t) =0
R B

WAPEAERM w /£ Ry EREE I IER B AME B A B ME, A, SKMEARIE B/ MEAE
fi, XIEAE o e R
ARt BAMR B E REIE B IE M ORE, B A 5 3, XA IE R SR B B AE L 5 Ty
isbe::]
HT7E {z =0} x [0, T]U[0,{] x {t = 0} k. u =0, ATLX AR KB R BEIER A (1Lty) € {z =1} x
[0,T] kbik®l, [Fik

u$(l,t0) 2 0.

HXEHEE (ue + hu)(l,t0) > 0, 5 (up + hu)(l,t0) =0 TJE! 5

2. faEtk
W ou fE Ry FIXBIERIEKME, WAEE (20,t0) € Dr 15 u £ (z0, to) WIMEELZ w £ Ry &
()5 K AE.

(a) (zo,to) € {a =0} x[0,TIU[0,]] x {t =0}, W M = max{ max ¢(z), max ul(t)}

0<z<L 0<t<T

(b) (15507750) € {x =1} x[0,7] W uy(wo,t0) = 0, W hu(wo, to) < pa(t) M u(z,t) < ulzo,to) <

5 dnax pa(t)
V(z,t) € Ry, u(z,t) < max{ max ¢(z), max pq(t), max 'uQ(t)}
0<a<L 0<t<T o<t<T h
O
EIE 3.3.4 (ME—PEFEEM, Neumann U1H). &4 F Z R 69404415 2

U — a*ugy = f 0<x<l,h>0 (3.48a)
u(z,0) =¢p(x) 0<z<lI (3.48b)
w(0,t) = py(t) (3.48¢)
Uz (l,t) = pa(t) (3.48d)

TE B

1. ME—4E
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R EHIE
U — 0 Ugy =0 0<2<l,h>0 (3.49a)
u(z,0) =0 0<z<l (3.49b)
u(0,¢) =0 (3.49¢)
uz(l,t) =0 (3.494d)
HAE %A,
% iz, t) = w(z)u(z,t), P w@)=1+1-z N
U
u=—
w
Uy
Ut = —
w
u:t = —_— - = —_—
w w? w o w?
Uy (I,t) =ty + 0 =
vy, = oo 2ig | o U
w w w3
&_a? (11%_‘_27295 _|_2u3> =
w w
2a? 2a*
iy — 0Pl = iy + — il (3.50)
w w
EIR. & RAERARALRIZ 6 TAE
S
v=eMu,a=etv
fins 2 At 2 At
2 e | 2
MM+ vy) — a?eMu,, = ae Vs 20 62 Y (3.51)
w w
BIA
2a> 2a>
vy — APy, = Ve <ﬁ — A (3.52a)
v(x,0) =0 (3.52b)
v(0,t) =0 (3.52¢)
(v+v,)(l,t) =0 (3.52d)

H‘ﬁ%) ﬁD% v E (l‘o,to) iti” RT J:AEI/‘]IEEGEE&X{@’ %B/Z\ (iUo,to) S FT
TEWTE. A AR, B v £ (w0, t0) € Ry KR HKH.

2a?
A> 202, M ————— <207 < ), T
B> 2a )J(l+1—:c)2 a’> <\, TR

FE! WrE L.
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R (z0,t0) €[0,1] x {t =0} U {z =0} x [0,T]
%‘ (.’L’(),to) (S {JZ = l} X [O,T], "Ul-(fli‘o,to) > 0= ("Ug; +'U)($0,t0) >0, %E
AL AT HIE

minv =0
Rr

Hov=0, a=0, u=0 -
EIR 3.3.5. FTHE A

ut—a2uww:f —x<r<oo

u(z,0) = ¢(x)
BEARLHE P A0, W LE SR T E &0t

TE B
1. ME—1E
HEE]
Up — @2 Uyy = 0 —00 < x < 00
u(x,0) =0
|u(z,t)] < 2B,V(x,t) € R x [0,T]
HA LS.

V(l’o,to) e R x {O,T]y E‘EE U(mo,to) =0VL > 0, é’\ Rto = [Z’O — L,.’L’o + L] X [O,to}
F‘gjﬁ v %(??>E@ﬁﬁ E_ U|1"t0 2 u|1"t0

WL EIT] DAL S Y — M

2

a’t + r

2

BET AT ,
v(z,t) =C <a2t + @2 _2%) )

2 i
)

2

v(m,O):C@>0:>0>O

2

L
v(zo — I, t) = Cla*t + ?) > 2B

2 . 2
c@;ngmv@@_jﬁQﬁ+“Qf”)%%whum%ﬁﬁm%ﬁﬂ@_mm@w

1E Ry, XV v —u FMRAE )R, w18

min = min(v —u) > 0
Rto to

v > uin Ry,
FAlh, X o+ o HH—R BRI, "

min(v 4+ u) = min(v +u) > 0
R Tr
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Wou>—v
F Ju(z, t)| < v(z,t)
Eﬂ (xat) EJEIEI.% (xo,to), )I_\[[J

4B — 2
’U(iU,t) — ﬁ <a2t+ (:I: xO) ) +e

i 3.3.1 (BHEZEE —hK P67,3). F Al {47 A

Uy — a2 Uyy = f

u(0,1) = pu (t)

(uz + hu)(l,1) = pa(t)
u(,0) = ()

89 u(z,t) £ Rr: {0<t<T,0< o<1} PRyt

1 1
< AT At Lo L At
u(z,t) < e max (070121%[@(%),0%% (e pu(t), e pat) |, 5 max(e™f) )

HEP AN>0 AEETEF L
B RPN, 1ELH v = e Mu, B u=eMo.
v FEIIAAE )
vy — AUy, = e_’\tf — v
v(0,1) = e Mpuy(t)
(vp 4+ hv)(1, ) = e My (t)

v(z,0) = ()
FRIAE.
il
1 1
v(z,t) < max (07 fax p(x), max (e”m(t), he”uz(t)> X r%:ix(e*” f)) .

& v R Ry BRI (20, yo) ALIE IR LK AH.
1 v(zo,to) <0, IACEMAL v(z,t) <O.
NHITE v(wo, to) > 0 KIRTHE T (20, t0) HILLE.
1. % (.’L’U,to) S [O, l] X {t = 0}
v(@o,t0) = max o(x)

v(z,t) < v(zo,to) = max p(x),Y (z,t) € Ry

0<z<!
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2. l_L—,l (.To,to) € {(IJ = O} X [07T]

v(wo, o) = Omtagéfe M (1)

(27 t) U(.fl?o,to) - Ogltag)g“e A l(t))v (xvt) € Rr

3. % (SE‘Q,to) € {l’ = l} X [O,T], ﬁ
’Ug;(l,to) 2 0

MR (z,t) € {o =1} x [0,T], H

PP

4. 4 (I‘O,to) S R%U [O, l] X {t = T}

f
vi(20,t0) = 0,V0(T0,t0) <O
(€™ f — Av)(z0, to) = (v — @*vz) (0, T0) = 0
v(z,t) < v(wg,to) < <ie’\tf) (wo,t0) < %H}{gxe*Mf
i RRAEHIE ! O
Fid. XA B A RMNIATIEAE— M ER T MR-, BATREAE—HLRARZH, RFE

89 ) BT R ALY AE TR A AR, ZERMA B EABMERE (FRE, f<0 )JLT’TVX) .
BT ABAN X B 287 2 AR IR 32 R AE 9.

B, HARFERTLENTH, RMNAEEARMBET 2. HRZE, AX o), u1(t), ua(t) 89
AR EM ARG, EABARZGNIE, &Nl —F 2RHAR LRI Z KA, R AZX=
NEBE—THF T Am, SREMNZAMERE, X ETRERKALA Tk b AR 09 A
SRRAEA G LA ARG, EAFNZE 2207 XL ERABIEFAFAMNF I sy, @3 —1A
THou=eMv, LHAHTRETEAE—A v, IHRNHAFLEIR 0 G fFHER, Eui
MeEHAET R —ANFXF.
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3.4 fEERE

% JEAILAE 17 e
u— Au = f (x,t) € 2 x(0,T)
u(z,0) = o(x)
u(m,t)|6Q = g(x,t)
EEy RO ME— 1, S EHIEW]
u — Au =0
u(z,0)=0
u(:r:,t)|89 =0
A

£ (3.54a) IR 3 w, 133

iy — uAu =0

y
|

1
uUy = 5 atu2

uAu = Z Uy, z, = Z O, (Uuy, ) — Zuhuzl = div(uVu) — |Vul?
i=1 i=1

=1
JITLA(3.55) 38 K
%8tu2 —div(uVu) + |Vul> =0
FizE Q L Ty, 53]

1
at/Ude—/div(uVu)da:—l—/ |Vul*dz =0
2 Jo Q Q

HH P4
/div(uVu)d :/ uVu - idS
@ [219]

T ], = 0. BFBL LIRS %

JITLA(3.57) 38 A X
+ 2 279, _
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X
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(0= [ w(a.t)da
i dE
_ 2
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2]
Et)<E0)=0=u=0
M —PE1RHIE !
He b, BATE
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3.5 BRI
5] 3.5.1. F B IF AL
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1. #45 # 742 Chapter2.3 7 ik K fiF &P TR B =15 T AL 09 fF.
2. R AFREBIE, KiE
iu+ Au = f(x,t)
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W (x,t,t;7) A
Wi = a*(Wey + wyy)
W(z,y,7) =0
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b TR 40 R T R .
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fORLRE, A SR
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fWglx+e—-y)—glr—y) dy
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3.7 FIEE—M

B(u) = /u| dz
—E :—2/ |Vu|?dz
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IER]. A EHIEN
u — Au=20
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u(z,t)
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T
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0
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ARG (LEFE)

Laplace 77#2: Au=0
Poisson J718: Au=f
T Kf# Poisson J7HE, ML LG U I AE KA. IXFE R AE A

—IEME: TR o EXE S 00 ERME, B
u(z) = g(x),x € ON.

X —RIE A IR Dirichlet E Z&AF,  AH R B2 AR 1) AR RSCA 26
1 {H ) .
2. HTIE AR CRIRE o EXEILT 0Q BN SE, B
u
on
X —RIE A TR Neumann A8 2544, AN (13248 ] BB AR 9 28—
118 5]

=g(z),z € 0N

WAL =2k

1048 ) @ 5Y, Dirichlet

T04HE 1) 5%, Neumann

3. B =IMEAAE: CRIRE o MEAEXIBIL T 0Q LA B — N2k, R

% + a(z)u(z) = g(z),z € 9Q, a(x) > 0.

RRLELAE Rt A 5 =30 18

4.1 EAEX#EHNSH

One good strategy for investigating any partial differential equation is first to identify

some explicit solutions and then,provided the PDE is linear,to assemble more complicated

solutions out of the specific ones previously noted.Furthermore,in looking for explicit

solutions,it is often wise to restrict attention to classes of functions with certain symmetry

properties.Since Laplace’s equation is invariant under rotations,it consequently seems

advisable to search first for radial solutions,that is,functions of r = |z|.
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FAME ¥ Laplace 724 @ un
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1
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< [|1DA |[®(y)|dy
0B(0,e)

Hif |®(y)| 76 0B(0,¢) LW MEE, 4 n =2 K,

1
[ ewi= [ Liogey=cioge
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0B(0,e) 4T
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KA
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9P
=- —— W) f(z —y)dS(y
/aB(O,E) O )7~ 9)ds(y)
x.
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1
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1
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4.2 Green 5 Green tf#]

ARATESRRA FLIX 48 Poisson J7F2£H Dirichlet 7] @
—Au=f inQ (4.6a)
u=g on 02 (4.6b)

oue C*U) RATE R
€ v e U, #EH e >0 2B/ MER B(z,e) CU.
EXIR V. := U — B(x,e) FXTRRE u(y) 5% ®(y — z) H Green A, 53

[ wwavty =) - ot -oaumiy= [ )G -0y 2506 @0
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9B (z,¢) n

A (7)1 & — 0, RATAF
ou 0P
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4.3.1 FHEMRK
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1
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/ u(y)dS(y),VB(z,r) C Q
OB (z,r)
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é’l@ﬁliﬂi (1_) ﬁﬂijﬁ —4.JH3
22 n?
o < —— .
U, (T0)| < R BI(I;ZL;) [l
N RS = A
lu (x0)] < " max [tz | < n__ 2 n max |ul
#r oS (1T 20 R 3G om0 (L= 0)R 1 (6R)? By 1
2
S (1_ 5)02 ﬁﬂﬁjﬂﬁ— IR It
33 nd

max_|ul.

[ (70)] < 11 R 560 1)
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DIEAER C 2RI 1 3014 22 A5 I

k k
|D%u(z0)| < (”) max_|ul
R ) B(zo.R)

FER VAN P 25 HIAIE . O
TR 4.3.5. Ao LR A FRATH.

GEW. KHERE 2 € Q, fFE R > 0 f/8 B(zo, R) C O
YHERE h < R, H Taylor JEJT,

n

4.3.2 B.Harnock ~"&ER A KNH

EIE 4.3.6 (Harnack A%, T Q PoEZ R R K, BEFH C=C(Q,K), FFT Q +
BEEIE RAFRE, A

1
ouly) < ul@) < Culy),Ve,y € K

‘ 1
IEH. W R = Zolist(K, o).
I 2z € K, WH B(z,4R) C Q.

The intuitive idea is that since K is a positive distance away from 02, there is “room

for the averaging effects of Laplace;s equation to occur” .

#E—r ye B(x,R), f B(y,R) C B(x,2R), HVHEMR

3 3 1
u(x) = W /B(%QR) u(z)dz > W /B(%R) u(z)dz = gu(y)

EXFRRTETSHET v RTARIFE.

AN R WTERE S K, mAIRESREH, FAEARNERER K, XA RDERIEHE N
N.

I K HHI AL 2y, ATRME LR N ARkep, AR, ARt it e
B oxy, EENERNEL RS, A

1
u(@) > Zuly)
FFIE ! O

FEIE. AhRiEER, T ALt R v, CARE K LRI R KMAfe ME, SRAZ
AL, ARAEASAZ R —2 2T IALMLEN, XAF 6. @ Harnack % Xtk o923t T4+
Fo9dE ARSI, HAE—NHE C, XE2RFILL.
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Rl 4.3.3 (Z=4EBR B Harnack A%5). & u & B(xo, R) WifFe, H u >0, N

R R—ru ) < R R+ru(a:)
R+rR+r D SR—rR—7

HEF r=|z -2 <R

LB, 454 Poisson A IE. O
HIL 4.3.3. & u AR L@ LARKT ARG REfLHK, W u LFHK.

EIE 4.3.7 (W[ EF ). K u £ B(0,R)\ {0} AiAF i

o(loglz|) dim =2
u(x) = 1 as |z| — 0,
0 <> dim =3

X
W) 7T 2R B A e X u 94E, 43 uwe C*(B(0,R)) B u & B(0,R) WA=,

e, HiE n =3 METE.
2 v i
Av=0 in B(0,R) (4.14a)
{U =u on 0B(0, R) (4.14b)

v HIFFAENE S Hh R B AR A SUARIE R
v FRA S AR AR R B ORAIE Y

FiE. RIAAZEZA —ANR B TRtz 2 SRR A, BifE o 2R EAGERIET, RiHEL
B FMH, REETARBEIHFE - v, EFCEALRL @i’a u AR, HHAERARFFE.
F—AMER, v BRI HROMER LR E—8, BRI FREERMNAERLA u=0, BH
u HRA AR IR LA
Au =0 in B(0, R)\ {0}

B HMVEIEAZ v £ B(0,R)\ {0} EEFT u, wRHAF b, KA TIAE v £ 0 &Y
fER LA u 0 Zayfh.

LR IR SR A F BTN —AFR, R REILALERZ R
BAMEAE—, KFIAIET u=von B(0,R)\{0}.

B EMERGEER, AMNT4E v 5 v £ 0B(0,5) LOBULEHEIL, dmR KA 40l ftf £
0B(0,0) LAa%, AL AT ARMMAARIZIEL R T . AR KZRmEME 0B(0,0) A%, H
a5 BT, IRKTIEANETH! AR RL£0BmiE u b o £ 9B(0,6) L% T.

sesh, AR E ARG o AR SR A R R T8 0B(0,6) LRI A KIET R
fER.

THEW AN ARVGIESE, HAREEEENNE. & w=v—u, EHL
Aw =0 in B(0,R)\ {0} (4.15a)
w=0 on 0B(0, R) (4.15b)

WAEAAE, REAEHZE B0, R)\ {0} L w=0, OFBLZTE B0, R)\B(0,6) iz Ak
H)EEE, RMESERIRAER w £ 0B(0,5) LB, FRAEMEIZM 2 v 785 S AL 2 AT
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86

PA_E AT IR Br R Be 40 th B e KRR B Lo B RO BRAR, N LR AT — BEE A5 ST R AR ME R 2R

PH .

\ 1 1
W W(z) =

Aw =0 in B(0,R)\ {0}
w=0 on 0B(0, R) ,

|il\r£0 W (x)

WYL, MEREK e >0, £ 5>0, RE0<|z|<5, FH

=0,

R
—eW(z) < w(z) < eW(x),z € B(0,0)\{0}.

FIS. BT AZMOFRANMMER L EGEAAREXF M2 BO,R)\ {0} L. ~arst, E
Wik &) &, BARE, BIEENE BO,R)\ {0} LAIANMRFXER, KMNERTUE c AT 0
k132 & BO,R)\ {0} £ w(x)=0, BHEREHRE W(x) B, FTAET R B M FH 2R

WALR e L@ XN F X Z S 2 B0,R)\B(0,6) E.
EE W —w, BEE
A(eW —w) =0 in B(0,R)\B(0,0)
eW—w=0 on 9B(0, R)
eW —w >0 on 9B(0,9)

HAEEHE, 7F B(0,R)\B(0,8) I eW —w > 0.
W€ e &, § \TUMERE/DN (EAREREKR), Hit ExX7E B0, R)

O

AR, BARARIANR T L AR, (2RIFE, FREZRIPEHR —AF 8 BINFHT, REH
FERERRRNGAEN. INEZEIREREFEMN RIBEH —AF 8, COEKEER-ATR.
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4.4 HRERE., E0EIERIME—M

441 Auz=0

Intuitively, subharmonic funcitons are related to convex functions of one variable as follows.
If the graph of a convex function and a line intersect at two points, then the graph of the convex
function is below the line between those points. In the same way, if the values of a subharmonic
function are no larger than the values of a harmonic function on the boundary of a ball, then the

values of the subharmonic function are no larger than the values of the harmonic also inside the
ball.

EX 4.4.1. Let G be a subset of the Euclidean space R™ and let
¢:G—=RU{—o0}

be an upper semi-continuous function. Then, ¢ is called subharmonic if for any closed ball W
of center x and radius r contained in G and every real-valued continuous function h on m that
is harmonic in B(x,r) and satisfies p(y) < h(y) for all y on the boundary 0B(x,r) of B(z,r) we
have p(y) < h(y) for all y € B(z,r).

A function u is called superharmonic if —u is subharmonic.
Rl 4.4.1. 1. A function is harmonic if and only if it is both subharmonic and superharmonic.
2. If ¢ is C? on an open set G in R™, then ¢ is subharmonic if and only if one has A¢p >0 on G.

3. The mazimum of a subharmonic function cannot be achieved in the interior of its domain
unless the function is constant,this is so-called mazximum principle. However,the minimum of

a subharmonic function can be achieved in the interior of its domain.

4. Subharmonic functions make a convex cone, that is, a linear combination of subharmonic

functions with positive coefficients is also subharmonic.
5. The pointwise mazimum of two subharmonic functions is subharmonic.
6. The limit of a decreasing sequence of subharmonic functions is subharmonic.

5l 4.4.1. If f is analytic then log|f| is subharmonic. More examples can be constructed by using the

properties listd above,by taking maxima,convex combinations and limits.
IR 4.4.1 (RAMBETRERE). & ue C*(Q)NO((Q) & Q Eeykiff Lk, Bp
Au>0 in Q,

| A

maxu = maxu.
Q I

B, & v(z) = u(x) +elz)®, M Av = Au+2ne >0
P2y v(x) 1 xo € By WERIR Bl KAE, T Av <0, TIE.
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PRIt v 23D FHIE R iR ORAE, B

sup v < supv

€ B, 0B1
sup u < sup v < supv =sup(u+¢) =supu+¢e
r€EB, € B, 0B, 0B 0By
% e — 0, WAL, O

EE 4.4.2 (BAHMG). & uwe C?(QNnC(Q) £
Au=f inQ (4.16a)
{u=¢ on 00 (4.16b)
Wi, 4 F=sup|f(x)],® = max|o(z)|, WAL C=C(nQ), ##EF

zeQ

max |u| < &+ CF
Q

Fig. RERBHARERFC. BHAREEFRAT AR? b RARR AL T LisfE e eia, IR
A BEANR B LI T, A RMBEMEN I E, MFRALR LisfEte, o £AF LRE
R? RKA O, FIAREMENRREFFN O REAMARE, REEEMZE/RRATFTE, u
PEBMTZER f, A4EHEARAR F, BREREGERMEGRAD LS TFF F, &
BEHHENAAKIL F RBZHOEE, RhETEFE— 2L LT Z 6B ENAD, RiFi
EEMTFRGLERAFTH, wREFIANFHIABALEZRTRERE, RELLLENTEENER BT
He—AH 5, ARG EEENZEANEAS. REGRALEGBEARNANBNEFTRT, £L
B IEL 2 E B ILALITE, O N F XA M a2k, R IEAX—ANFEHK O 695,
BEEM—THLET, BERGEFEER F IAHZHRNAELRF ELTATERNGAD, RE LY
ARLBMIER F Q5w E—NEHOARSGE, BAFRAEL ST ZBHET AT AT &Rk
Mg F Ay B 6 AT R o, RXAEEINFHRIE F 9B E, Ra% & H5HEEM. ALK
BHA LB, RIERXRA T EFETLELERA N R, R ARREL RFALRELES AR
{8 )R 32 L AR HA R B

. AW Q C {z]0 < 2 < d}
Lo(@) =2+ (e —e)F, a>1, N

Alu—v)=f+ad’™ F>f+F>0

(u—v)sa =¢ —v|gn < p—P <0

MR, v —v <0

Bl u(z) <v(z) =@+ (e — e ) FK O+ (e~ 1) F< O+ CF O
EIE. W fTIE A T TR T IAHERN? RF O T 5 AN B ECE REIFT e

v(r) =@+ (d® —2])F

22, R o2, ARG E RN R IEETREHGEED, FHTH LW, BECHN, RiZE
BAVTHEAE B HTRAN BRI G? BREMNTAET®A— ¢ TATHEL NG |22, 122
e —MEARRREATERY, HHELAHDEEBRMEZE 0 EBLSKERTT.
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R 4.4.2 (NEBEEEM). X v & B, AiAf, WA

sup |Du| < C'sup |u|
By 0B1

Hb C=C(n) RIRM T 48 n IERF K.
JEHR.
A(fg) = ha+ fon
5 (fg) = firg+2fig1 + fou

A(fg) = (Af)g+2Vf-Vg+ f(Ag)

A(p|Dul?) = (Ag)|Dul* +2 3 (9ip) (8] Dul*) + (A Dul?)
i=1
|Dul® = uf +u3 + -+ +ul

ai|Du|2 = 2uqu1; + 2UgUg; + - -+ 2UpUp; = 2 Z Ujtji
j=1

A(|Dul?) 2828u Z@26u88u)

i,j=1 2,j=1
=) 0
ij=1
O
3132 4.4.1 (Harnack A~%X). % u & B, L&ydE fiAFR %, NEE C=C(n), 1£4F
sup |Dlogu| < C
B7
HiL 4.4.1. % u & By LeydE RAARE, WEE C £4F
u(zq) < u(we),Vay, zo € B%
PR, B u > 0in By,
|logu(x1) — logu(zs)| =
O

#PRR 4.4.3 (Hopf 51H). % u € C*(Bg) N C(Bgr) & Br L8R BAFHHK. £ 4H4E 2 € OB 1%
u(r) £ o BXEE By LR KM, BY v Bg 8, A u(x) <u(xg), W

ou

on
SEiC. Hopf #9387 Y A 2| 89 34 85 %) 2 pb R B 5 KA A&+ 2] 69 3 80 ) R 2 o 184G, B A KA
XA R ARG BRI —4F, RABRS TR EZRNHRARE, B Ex4ELRFLNE, 25
fEH A, XERAVREZ R B 55 MAAR R, AR AR EIRAR A ZF E6Y, Hopf #9iEHxE £
*‘i&ﬁ%f/\%%)ﬁw&ﬁ =itk kA, Hopf A9iEAEIR ERH, R &RFBLT TG L4, A

AREBTELE—AKTFE ,Eg%, S o R AR BT 5

($0) >0
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%, oev WBEEEMLAERTFE, —eVo LAHKEIM, LR E e RERGALFIFY, KA
AR I v AR —ANATHITFT . A4 ¢ RRTFTEGE, NELHAL Av BEXTFETFE, Vo 2
MBASE N, XAME GRS, TREMEERMNBET LGN LHEHH, BABGE 2?2, ChHE
LR EFK 20, TR (2R CHMHER 2T, A, RATRTT, FELENELIMFH e
BT AR AN R MR LB AT E f b RN R, BT REE P, AMe R
BT, COWER 2e 5, L ol B —MNeEWAE D, MR EL a <0, LT MRIEWE
HEAE. W AN FEFREELELEN, o< 0 9EHERT L EEIIEER? T IE R,
R q WUIHER S Rk F AR TR, B5ACHEYRE, BRELA, ZRAEEKNE,
BEEMEBR. %, ARIERELITRE, wRERARGETRA LB EBFOHHIHT, 2ATE
MR T — AN TSt 547, HINA XA DR 437 R AR BB 09 —BLAR 0 SRR, A& F
WRAERTIF T, R BB RIE w £ AIFHIRANRE L2 TR, BEXERINRET ¢ t94EA,
ERREIE e b, W RRRAERMEP L kLR ELBELEMBE L e BRENRLRIE
HERR? EAVE KRB RAMEGIAHIBHH v = —e % ZERAWMBRE, BNANEBHER
EARE, T EAD, mAMNY u, REAF ERET R KM, RARFK DT, RiELERG A
1, M b—ANEREATGHFEARNY v 2)5, TRBEFEAR LRFKEMMAR? ERLE
v ATEARAYIEAN ¢, FEA e, RAT UL v BIFEED, LEFTT u EANRGEZENT v IR
KA, EHHL T BAN—AZ T e cv Sl Lt £

. RS, O 4 v() =P _ e, M v >0, H
Av =
O

EBBRAT A, FR QR A VIERZE AR R T eI BRSNS Q B
HS Q M FAE Q AYI, e WOIERTESR.

EIE 4.4.3. X Q BHAAWMKRBER, 8 uec C) REAFTHLAF, £ xoc Q BREFRKE, N
g—Z(xo) >0
4.4.2 —Au+c(x)u= f(x)
FERX — /N RATE T R AL S R B N — R 5 18
Lu=—Au+c(z)u= f(z),z € Q. (4.17)

EREMTHE T Q & R™ LA R IT4E
MIATFEETTRE(A.17) IRAE R BER,  FRATT 75 2R e

c(x) =0,z € Q.

UM A AR A D B (A B e B

B RATER LR — MEGR 8.
EIE 4.4.4. BX c(x) >0, f(x) <0, u € C*(Q)NCQ) HAFA(417). 2R u £ Q L&R KA
BLRNE, BARERG. R o £ Q LORKMAERIENG, RLATRTHRE Q LX3, —22
0O Bk F|,
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IE. B u(z) Rz € Q IERIHRKE, WHZITHERSRRIRAL w(z) £ zo KIFERR
Du(z) = 0, Hessian HiFF D?u(zo) ZIFIEER]. XF Hessian #iFF D>u(xo) K3 E

Au(xg) = tr(D*u(z0)) < 0.

SRR
Lu(zo) = —Au(zo) + c(zo)u(zo) = f(20) = 0

KRR f(re) <0 FJE. LHCEHE] T e(z) > 0,u(x) > 0. ]
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4.5 FLFRNDET AR
z FREKRETT |2
|z =2+ a5+ 422
AlzP =242+ +2=2n

R e

L ERRCE R RN AL JF HAEIE.

2. BRRKRT » MK R

3. EARF AR, RAEFRGLENE. FEBOEREBR.

palzl?
2 2
8m1e“|1‘ = 2ax,e”
2 2 2
aile“‘g”| = 20" + (2az,)%e?l”!
2 2 =
Velel™ = 2gel®l

Aetlel” = (2an + 4a°|z|?) e?lzl”

92
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4.6 SR

] 4.6.1 (P77,6).

.

AR N T —H.

ZEk, A<O.

PRANYHEZRAF, 1351

Ugy + Uyy = 0
u(0,y) = u(a,y) =0
T
0) = sin —
u(z,0) = sin .

u(z,b) =

u(z,y) = X(2)Y (y)
X"(2)Y (y) + X(x)Y"(y) =0
X"(z) Y'(y)

X Y
X"(x)+ XX (z) =0
X(0) =0
X(a)=0

a

0

X"(x) + AX(z) =0, >0
X (z) = Acos V Az + BsinVx

kr\?
A=0,Va=kr, = |"—
a

T
p— ] -
X (x) = sin pa

G"(y) — AG(y) =0
Gr(y) = CrpeV™ + Dype VN
_ Vay VA i 2T
Ul(x,y) Z (C’ke + Dye ) sin —~

k=1

T
U(z,0) = sin ~
(z,0) sin —

o0

T
E (Cx + Dy) sm—;v =sin —x
P a a

93

(4.19a)
(4.19b)
(4.19¢)
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:>01+D1 = 1,C’n+Dn:O,n>2
U(z,b) =0
U(zx,b) = Z (Ckemb + Dke_mb) sin k—ﬂx

k=1 a

94
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MR SR

51 TENX

5.1.1 WEF*E
AR FE R FRAT] 32 A 5T A ()
Lu=f mU
u=~0 on U

Hp U &R FAERIE, f:U >R ECHRE, v:U — R AR, L3RR Imis 57

(5.1)

Lu:fzn: a”xuxix +Zb )y, + c(x (5.2)

i,j=1

n

Lu:—z uII]—i-Zb’ )y, + c(x (5.3)

ij=1
Hrb a )b e JR25 e R RBREL
1 Ja AT B e SRR A

a’ =a’", Vi,j=1,---,n

ENX 5.1.1. EMNMRBHESET L R—ZMA e R EEFH 0> 0 #1F

> al(x)gg; = 0l (5.4)

ij=1
SR E) € € R” faJLF AL 2 € U s,
DR U AR [ P ks X6 J LT AR AR ) 2 € U, SERRFERE A(z) = (0 (z)) /1B R, FF Hs/NSIE
HRTET 6.
—ANE BT R 0¥ =6,;,0' =0,c=0, M L= A FHE FRATEE BB 0 45w
WM TR Lu = 0 WIRAEVF 2 B L B ARIRALT 18 A ek 2K

95
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5.1.2 55

AT e S R A LR AR FRA SR B TR B S s — AN A Y
SR, ZJEHETC w G M A A o
FAVAE T T 1 3 v i e
a’ b',ce L®U), i,j=1,---,n (5.5)
F
feL*U). (5.6)
TE X SSRRRI T
BATZAT 58 L— ISR VL RV ? BMRE w & —elai, hIRATEmGL o 7572
Lu = f EAFF E— M EE v e C°(U) JFHAE U ERS, 153

[ 3 e, + 3 b+ widz = [ foa, 61
U i=1 v

1,j=1

HerpBATC 20 57 ZE M 58— BUkAT 1 70 8. A AR BRI v 42 0U 104 0. @i Al
SN3E [F] — AN EE RO TR R v BN v € HY(U) WAL, 3 BANE v e Hy(U) AFE

EX 5.1.2.

(1) SHAERMEASTF L Anke=k% B[, | &

Blu,v] := Z a“ g, uy, + Z biug,v + cuvdax (5.8)
v i=1

=1
A u,v e Hy(U).

(2) AR u € HL(U) A6 5 o B

B[U,U] = (fav) (59)

MR ve Hy(U) sz, &4 (,) &7 L*(U) #8 AR
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5.2 FEMEAEM

5.2.1 Lax-Milgram E3I%

97

PAEAFTHEGE H 72— Hilbert 206, WHON || ||, AN (, ). RIS (, ) AH S5

O A3 2% B (Y BE X
EI 5.2.1 (Lax-Milgram Theorem). 8%
B:HxH—R
R —AREES, FALAEETH o, >0 1213
| Blu, ]| < allullllv]l, Vwu,veH

H
Bllul|* < Blu,u], Y uecH.
®a, R f:H—->RAEH L&FREREZS,
ARAHAE— uwe HRFF
Blu, v} = (f,v)
MNP ve H .

5.2.2 ReEfhit
FATTILAE [ 145 1 1R AR

Blu,v] = / Z a7 ug, vy, + Zbiuxiv + cuvdz,
U

ij=1 i=1

Hr u,v e Hy(U), FHFHRAEEWH L Lax-Milgram 7€ 1R
EIE 5.2.2 (BRI, AEFHK o,8>0F >0 %47

|Blu, v]| < ellull mpon o)l )
H
BHUH?{%(U) < Blu,u] + ’Y||U||%2(U)
SHEFA u,v € Hy(H) M.
JER.
(1) FRAISLHP REAE LG IE

n

Blu,v]| < ) |aij||m/ |\ Dul|Dolda
U

i,j=1
3 bl / Duloldz + [|ef / ] olda
=1

<allull gyl g0

H o BEDNGERHAL

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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(2) HBRERIMGRE 21, FATH

0/ |Du2dx</ Z a“ug, u,, dx
U U5
= Blu, u] —/ Zbiumiu+cu2dx
U=t
gBmm+§]Wm§/WMMm+wmg/fm.
vy U U

BUE I e BURTPe SR, BRATIE 2

1
/|Du||u|d$<€/ |Du|2d:r—|—/u2d33 e > 0.
U U de Jy

A e > 0 B/ ME1E
S 9
EXNWM<§
=1
HiN, 15

9/ |Dul*dz < Blu, u] +C’/ u?da,
2 Ju U
Hrp C BEANGEME . HLAMRATENZIE M3 A %

|lull2wy < Cl|Dul| v

NI}
BlullZs ) < Bl u] + Yl o
WHREANGEMER B> 0,7 > 0.

O

EEFIREEEM TP v > 0, B4 B[, | AL Lax-Milgram &2 RS T I
Xt SR IAFAEVEIRT 5 AL BE 1 IR ] REfk

FIE 5.2.3 (BRIE FEMTE). AFK v > 0 REE,
e (5.15)

oA B
feL*(U),
2 AR 1) AR

{ Lu+pu=f inU (5.16)

u=2~0 on OU.
"R — 35/ u € H&(U).

TR
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(1) WEEEAL T v, & u >y, B XOWNZHER
B, [u,v] := Blu,v] + p(u,v) Y u,ve Hy(U),

MBFHT Lyu = Lu+ pu. 4 B[, ] i/ Lax-Milgram EHHI 5.

(2) BUEREE fe L2(U), & (f,v) i= (f,v)2). X L2(U) FI—E REMEZ R,

H;(U) .

HATN A Lax-Milgram & # R HIME— R w € Hy(U) W2
By [u,v] = (f,v)

ST ve Hy(U) BOL. M & AT ZE (1) ME— 55172

¥ Hy BRE| H!
FATAT LLRABIE I T By
fre L*(U), i=0,---,n,
(L wapd §
Lu+pu=f"=> fi inU

i=1

u=~0 on OU.

99

PRl v A

(5.17)

M0 . B, LIRS ([ = [ f%+z fropde £ HY(U) LR RIS 8.

Rral L, FRATHE B e
L,=L+ul:HyU)— HYU) p=vy

FE— AN

5.2.3 Fredholm —¥—EI8

FAT T HE BT Fredholm PR ARG T It i fst 20 7 2 P AP B SE 245 2.

ENX 5.2.1.

(1) 2 L a9 XA 4T

n

L*’UZ:—Z av7i),. Zblvw +(C—ZbZ ),

i,j=1

AP EE v eCl(U),i=1,---,n
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(2) R & AR
B*: Hy(U) x H}(U) = R
B*[v,u] := Blu,v]
& FE u,v € Hy(U).
(3) &M v e Hy(U) ZAFRIEA
L'v=f inU
v=20 on OU,
aEIRE, R
B[v,u] = (f,u)
SPTA ue HY(U) A
EIE 5.2.4 (9 —AF(EERE).
(1) oI & kAT BLIs A — 2
() HEA fe L2(U), HAEAERA
Lu = in U
w=gom (5.18)
u=0 on U
aeE— 53R,
(B) AAFRIPA
Lu=0 inU
(5.19)
{ u=0 on U

fyAER 55 u.

(2) Bk—HH, BEWE (5) R, Fk
%

FIAL AR N C HL(U) 842 A TR 6 5 A B %

L'v=0 inU
(5.20)
v=20 on OU
By S| N* C H&(u) Ve
(3) &5, AR A EGM Y HAXY
(f,v) =0, VYve N~



Chapter 6
FELME—M IR T FiE

6.1 HFEZIE
F(Du,u,x)=0 ze€U
u=g rel CcoU
M8 PR E TG 2, KA E 1 FHE B ok 73 i) R A 4 5 AR 2 1) L
Wik 7(s), id
/.],cxvZZ

101



Chapter 7

WEMZERN KAV 17K

4

7.1 WaERIHZFN Weierstrassp K

7.1.1 o HEMMTHIE

A o T2
(@’)2 = 4@3 —kip — ko,
1]
W(z) = ap(z; ki, ke) + b
WA AT TR ? - ,
R plziki k) = D=0 g
N2 N\ 3 _
() o2 n
a a a
LR 1E

4 12b 1202 4p?
U R T —" 7 ( - akl) W — 2= + abky — a’ks.
a a a a

EEFIEE GG a,b, ki, ke, EREMRERRE] W KEE =RZ .
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7.2 KdV FEITER
[17, KAV 722

Uy = iuux + Zuzm

TATCELFE 2| Weierstrassp BREUH & — DR T T7 2
(¢)? = 49" — kip — ko
BB w(x,t) & KAV FRERIE,
u(z,t) = w(x + ct).

B2 AN KAV 52, 53

3 1
r_ 2 / S
cw' = 2ww +4w .
oy, 193
_§ 2 1 "
cw—4w —|—4w + 7.

ERRPLFERNMAGEFH AT T, BARAIARIE w 58 w? FERE. (B2, HREEHLR
=4 w, B

1
cww' = §u;2u)' + —w'w' + ',
4 4
BEISHEE ST LR AR 7, 15
Cw? = 1w3 + 1(w’)2 + W + ye.
2 4 8

BPE
(w')? = —2w* + 4cw? — 8y,w — 8.

PLEE W (2) = ap(z; ki, ko) + b 2 B T2

4 125 1262 43
(I/I//)2 = EW?) — TWQ + ( a — ak)l) W — 7 + abkl — a2k2.

XRLERE 15 W(z) = —2p(2; k1, k) +




Bfs% A

Fourier T H#a

Al AR
TFH R H=ZARAE I Z AR &
f(z)dz = f(z+ h)dz,Vh € R"
R" Rn
f(x)dz =" f(dz)dz,¥§ >0
Rn Rn
f(z)dx = f(R(x))dz, YRotation
R"n, Rﬂ.
Fourier 2t 5 Fourier x4

/ f 7271'195 de

[z f (§)e*mtde

3R Fourier RS 5 H A0
xsin 2R R EE — xcosx +sinz + C

xcos R E Rz sine + cosz + C

A.2 Gaussians

T A2.1. % fla)=e ™, M f(&) = f(€).

. E X

MEEE
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F'(¢) = —2mix /00 f(z)e 2™ dy
=i / h f(x)e ™" dy
=if'(©)

= i(2ni€) f(€)

= —2m¢F(§)

BRI F (&) i AL e 75 RE B i) 7t

{F@Hﬂﬁﬂazo

E R

PR RIATE R Guassianf(z) = e ™ [IFSME dilation FIBEMEF R 148 H

o0 o0 2 o0
/_Oo e ™ dp — /_Oo exp (—7r (%) ) d% = /_oo § V2 0y =1

RLE, A 125 B R — I R 2

5—ée—ﬂx2/6
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